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Abstract. We formulate a sufficient condition for non-displaceability (by Hamiltonian symplec- 
tomorpliisms which are identity outside of a compact) of a pair of subsets in a cotangent bundle. 
This condition is based on micro- local analysis of sheaves on manifolds by Kashiwara-Schapira. 
This condition is used to prove that the real projective space and the Clifford torus inside the 
complex projective space are mutually non-displaceable 



1. Introduction 

Let M be a symplectic manifold and A,B d M its compact subsets. A and B are called non- 
displaceable if ^ n X{B) ^ 0, where X is any Hamiltonian symplectomorphism of M which is 
identity outside of a compact. Given such A and B, it is, in general, a non-trivial problem to 
decide, whether they are displaceable or not (see, for example, [3j and the literature therein). In 
non-trivial cases (when, say, A and B can be displaced by a diffeomorphism) , all the methods 
known so far use different versions of Floer cohomology. 

In this paper we introduce a sufficient condition for non-displaceability in the case when M = 
T*X with the standard symplectic structure. Our approach is based on Kashiwara-Shapira's mi- 
crolocal theory of sheaves on manifolds and is independent of Floer's theory. We apply our condition 
in the following setting. Let our sympleectic manifold be CP^ with the standard symplectic struc- 
ture and let our subsets be MP^ C CP^ and C CP^, where is the Chfford torus consisting 
of all points [zq : zi : ■ ■ ■ : Zn) such that |zo| = \ = ■ • • = \zn\- Let A and B be arbitrarily chosen 
from the two subsets specified, we show that such A and B are non-displaceable. Same result has 
been proven in [3] using Hamiltonian Floer theory. Non-displaceability of Clifford torus has been 
proven in [Ij via computing Floer cohomology. 

Observe that our condition applies despite CP^ ^ T* X. We use a certain Lagrangian corre- 
spondence between T*SU(7V) and CP^ x (CP^)°pp, where the symplectic form on (CP^)°pp equals 
the opposite to that on CP^, see Sec. 14.0.121 This way our original problem gets reduced to 
non-displaceablity of certain subsets in r*SU(A^). 

Let us now get back to the non-displaceability condition for subsets in a symplectic manifold 
T*X, where X is a smooth manifold. Fix a ground field K. We start with a category 'D{X) which 
is defined as a full subcategory of the unbounded derived category of sheaves of K-vector spaces 
on X X R, consisting of all objects F G D(X x M) satisfying the following condition: for any open 
U C X and any c € M U {oo}, RTc{U x (— oo, c);F) = 0. The category 'D{X) admits a microlocal 
definition. Let dt be the vector field on X x M corresponding to the infinitesimal shifts along M. Let 
il<o C T*{X X M) be the subset consisting of all 1-forms rj satisfying ig^rj < 0. Let C<o C D{X x M) 
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be the full subcategory consisting of all objects microsupported on Q<o- One can show that ^{X) 
is the left orthogonal complement to C<o. 

One can show that the embedding C<o C D{X x M) admits a left adjoint. Therefore, T^lX) can 
be identified with a quotient D{X x R)/C<o. This motivates us to define microsupports of objects 
from ^{X) as conic closed subsets of ri>o := T*{X xR)\ri<o. Thus, we set SSv{F) := SS(F)nr2>o 
for any F G V{X). 

Let us identify T*{X x M) = T*X x T*R. Let A C T*X be a subset. Define Cone(A) C ri>o to 
consist of all points (??, a) € T*X x T*M such that ig^a > (meaning that (r/, a) G f^>o) and 

Let Va{X) C ^(X) be the full subcategory consisting of all F G V{X) such that SSt>{F) C 
Cone(A). This way we can link subsets of T*X with the category 

Let c G M, let Tc : X X M ^ X X M be the shift by c: Tc{x,t) = {x,t + c). One sees that 
rc(Cone(^)) = Cone(^). Therefore, the endofunctor Tc* : D{X x M) ^ D{X x M) preserves 
T>A_{X) for all A. For any c > 0, one can construct a natural transformation Tc : Id ^ Tc=k of 
endofunctors on Va{X) for any j4, see Sec. 12.2.21 

We can now formulate the non-displaceablity condition (Theorem 13. ip . 

Let A,B C T*X be compact subsets. Suppose there exist Fa G T^AiX); Fb G T>b{X) such 
that for any c> 0, the natural map R]iom{FA] Fb) i?hom(Fyi; Tc^Fg), induced by t^, does not 
vanish. Then A and B are non-displaceable. 

Remark. For c G M set Hc{Fa,Fb) := He := i?hom(FA; Tc^Fb). For any d > 0, the natural 
transformation induces a map Tc^c+d '■ He — > Hc+d- 

Let H{Fa,Fb) := H C HceK -^c be defined as a subset consisting of all collections he G He 
such that there exists a sequence ci < C2 < • ■ ■ < Cn < • • • ] Cn ^ oo such that he = for all 
c ^ {ci, C2, . . . , c„, . . .}. The maps Te^e+d induce maps : H ^ H for all d > 0. This way we get 
an action of the semigroup M>o on H. This implies that Novikov's ring, which is a group ring of 
M>o, acts on H. There are indications that thus defined module over Novikov's ring H is related to 
Floer cohomology of the pair A,B. In this language, our nondisplaceability condition means that 
H{Fa, Fb) has a non-trivial non-torsion part. 

Remark It seems likely that under an appropriate version of Riemann-Hilbert correspondence 
our picture should become similar to the setting of [8] . This paper can be considered as an attempt 
to translate [8] into the language of constructible sheaves. 

Remark There is some similarity between our theory and the approach from [7] where the 
authors identify the derived category of constructible sheaves on X with a certain version of the 
Fukaya category on T*X. The authors use Lagrangian subsets of T*X which are close to being 
conic, whereas we work with compact subsets of T*X. 

Let us now briefly describe the way our non-displaceability condition is applied to the above 
mentioned example MP^,T^ C CP^. As was explained, the problem can be reduced to proving 
non-displaceability of certain subsets of T*SU(A^). Given such a subset, say A, it is, in general, 
a non-trivial problem to construct a non-zero object F G Pyi(SU(A'^)). Our major tool here is a 
certain object S G -D(G x f)) which is deflned uniquely up-to a unique isomorphism by certain 
microlocal conditions to be now specifled. Here G = SU(A^) and f) is the Cartan subalgebra of q, 
the Lie algebra of SU(iV). 

2 



Let C+ C be the positive Weyl chamber. For every A £ q there exists a unique element ||^|| € 
such that \\A\\ is conjugated with A. Let us identify r*(G x f)) = G x f) x g* x f)* (via interpreting g* 
as the space of right-invariant 1-forms on G). Let us identify 5* = 0, f)* = f) by means of Kihing's 
form. Let f^s cGxf)xgxf) = C G x f) x g* x {)* consist of all points of the form {g, X, 77), 
where r] = ||w||. Let also «o : G — > G x f) be the embedding ioig) = (5,0). We then define S as 
an object of D{G x fj) such that SS((3) C J^e and i^^G = IKg, where Kg is the skyscraper at the 
unit e G. One can show that this way & is determined uniquely up-to a unique isomorphism. 
It turns out that the required objects Fa G VAiX), Fb € VsiX), . . . , can be easily expressed in 
terms of &. 

Our next task is to compute the graded vector spaces i? hom(F^, Tc*Fb) and to make sure that 
the maps Tc : Rhom.{FA, Fb) ii hom(F^, Tc^Fg) are not zero for all c > 0. This problem 
gets gradually reduced to finding an explicit description of the restriction i~^S € ^(f)), where 
ie i) ^ G X [}, ie{X) = {e,X), and e G G is the unit. 

Remark. Let G- := — G+, let G° C G_ be the interior. It turns out that the stalks of {i~^&\c_) 
have a transparent topological meaning (however, this meaning won't be used in our proofs). Let 
X G G_; let 0{X) := 6|exx[- dimf)]. 

On the other hand, let us consider the smooth loop space 0,G. For 7 : [0, 1] — s- G being a smooth 
loop, we set ||7|| G G+, 




where 7'(t) G 5 is the i-derivative of 7. Let Clx C 0(G) be the subspace consisting of all loops 7 
such that ||7|[ < —X (here Y < —X means <Y + X, G+ >< 0, where <, > is the restriction of the 
positive definite invariant form on g onto [)). It can be shown that 0{X) = H,{Qx)- 

In regard with this setting, one can ask the following question (which will be probably discussed 
in a subsequent paper). We have an obvious concatenation map ilx x ^x+Y whence a 

product 0{X) (8) 0{Y) — > 0{X + Y). One can show that this product is commutative so that the 
spaces 0{) form a filtered commutative algebra. It can be shown that this algebra can be obtained 
in the following algebro-geometric way. Let TC be the projective K-variety of complete flags in 
K^. Fix a regular nilpotent operator n : — > (that is, n consists of one Jordan block). Let 
Pet C TC{N) be the closed subvariety consisting of all flags = Vq C Vi C • • • Fat = satisfying 
nVi C Vi+i for all i < N. This variety was discovered by Peterson, see e.g. 0. 

Let L G f) be the lattice formed by all elements X such that e-^ is in the center of G. Given 
/ G L we canonically have a line bunble Li on J^C It turns out that for alH G L D G+ we have an 
isomorphism 0{l) = r(Pet; L;|pet), and this isomorphism is compatible with the natural product 
on both sides. 

A related result is proven in [5], where, among other interesting results, the authors identify 
H,{Q{G)) with the algebra of functions on a certain affine open subset of Pet. 

Let us now go over the content of the paper. In Sec. [2]l3] we formulate and prove the non- 
displaceability condition. 

In Sec. m we start applying the non- displaceability condition to MP^,T^ C CP^. Finally, 
the problem is reduced to the existence of an object uq G I^(G) satisfying certain properties (see 
Proposition 14.40 . 
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In Sec. [5] the object uq gets constructed out of © (where we use certain properties of & to be 
proven in the subsequent sections). 

The rest of the paper is devoted to constructing and studying &. In Sec. [B] we construct an 
object © and prove its uniqueness. 

In Sec. Owe compute an isomorphism type of ©|^xc° where z is any element in the center of G. 
In essense, the computation is a version of Bott's computation of H,(Q(G)) using Morse theory. 

The goal of Sec. [5] is to extend the result of the previous section to z x i). This is done by means 
of establishing a certain periodicity propery of © with respect to shifts along f) by elements of the 
lattice L = {X € i)\e^ G Z}, where Z C G is the center. Namely, we show that © is, what we 
call, a strict B-sheaf. (see Sec. 18. 2p . We show that any strict i?-sheaf can be recovered from its 
restricton onto Z x C° . By virtue of this statement we are able to identify the isomorphism type 
of ©IzxG- 

There are two appendices. In the first one we introduce the notation used when working with 
SU(A^) and its Lie algebra. We also included a couple of useful Lemmas (which, most likely, can be 
found elsewhere in the literature). These Lemmas are mainly used when constructing and studying 
©. The notation is used systematically starting from Sec. O 

In the second appendix we list, for the reader's convenience, the rules for computing the micro- 
support from p]. These rules are used throughout the paper. 

Strictly speaking, these rules are proved in [1] for the bounded derived category. However, one 
sees that they carry over directly to the unbounded derived category, in which case we use them. 

Acknowledgements I would like to thank Boris Tsygan and Alexander Getmanenko for motivation 
and numerous fruitful discussions. I am grateful to Pavel Etingof, Roman Bezrukavnikov, Ivan 
Mirkovich, and David Kazhdan for their explanations on Peterson varieties. 

2. Generalities 

2.1. Unbounded derived category. 

2.1.1. Fix a ground field K.. Abelian category SIim of sheaves of K-vector spaces on a smooth 
manifold M is of finite injective dimension. Therefore, one has a simple model of the unbounded 
derived category D{M), namely one can take unbounded complexes of injective sheaves on M; 
given two such complexes, we define hom£)(jv/)(/i, 12) := -ff" hom*(/i, 12). This definition is stable 
under quasi- isomorphisms precisely because of finite injective dimension of Sh^f . The main results 
of the formalism of 6 functors remain valid for D{X) (excluding the Verdier duality). 

2.1.2. We still have a notion of singular support of an object of D{M) and it is defined in the 
same way as in [1] The results on functorial properties of singular support from Ch 5,6 of [1] are 
still valid for the unbounded derived category, and we will freely use them. For the convenience of 
the reader the results from [Ij used in this paper are listed in Sec. [H] 

2.2. Sheaves on X x M. Let X be a smooth manifold. We will work with the manifold X x M. 
Let t be the coordinate on M and \eiV = d/dt be the vector field corresponding to the infinitesimal 
shift along M. Let r2<o C T*{X x M) be the closed subset consisting of all 1-forms lo with (w, V) < 0. 
Let 0>o C T*{X X M) be the complement to Q<o, i.e. the set of all 1-forms u such that (w, V) > 0. 

Let C<o{X) C D{X X M) be the full subcategory of objects microsupported on J7<o. Let ^{X) := 
D{X X R)/C<o(X). 
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Proposition 2.1. The embedding C<:q{X) — > D{X x M) has a left adjoint. Therefore, 'D{X) is 
equivalent to the left orthogonal complement to C<o{X) in D[X x R). 

Proof. Letpi:XxMxM^XxM;p2:-'^xMxM^E;a:XxMxR^Mbe given by 
Pi{x,ti,t2) = P2{x,ti,h) = t2; a{x,ti,t2) = ti +t2.. For F G D{X x R) and S G D{R) set 

F*mS := Rai{p:[^F(^p^^S). 

It is clear tliat F *ir IKq = F wliere IKq is the sky-scraper at G R. 

We have a natural map IKjo^oo) ~^ in D{M.). 

For an F G D{X x R), consider the induced map 

(1) F *K K[o,oo) ^ F *M Ko = F. 

1) Let us show that F *]r IKjo^oo) ^■^ ^/^e /e/i orthogonal complement to C<o{X). 

Indeed, let G G C<o{X). Let U C X be an open subset and let (a, 6) C R. Any object 
F G X R) can be produced from objects of the type ^ux{a,b) fo'^ various U and (a, b) by taking 
direct limit. Therefore, without loss of generality, one can assume F = ^ux(a,b)- One then has 

RhomxxR{F *ir]K[o,oo);G) = 

= RhomxxRO^Ux{a,b) *M I^[o,oo); G) 
= i?homxxR(K[/x[a,oo)[-l];G) 

= Cone{Rr{U x R; G) ^ Rr{U x (-oo; a); G)). 

The map r is an isomorphism because G G C<o- Therefore, Cone(r) = 0, whence the statement. 

2) Cone of the map (|7p is in G<o{X). Indeed, consider the cone of the map ICjo^oo) ~^ ^o- 
This cone is isomorphic to ]K(o,oo)[l]- One then has to check that F *r IfC(o,oo) € G<o{X). One 
can represent F as an inductive limit of compactly supported objects. Therefore, without loss of 
generality, one can assume F is compactly supported. One then can estimate the microsupport of 
F *R IK[o^oo) using functorial properties of microsupport. Indeed, let us identify 

T*{X X R X R) = T*X X r*(R x R). 

Let us also identify T* (R X R) = R^ so that a point {ti,t2, ^2) G R^ corresponds to the 1-form 
kidti + k2dt2 at the point {ti,t2) G R x R. We then have 

SS(FK]K(o,oo)) 

C {{u;,ti,t2,h,k2) £T*X xR^\{t2,k2) £SS{K^O,o.))}- 
This means that either t2 = and A:2 < or ^2 > and k2 = 0. 

As F is compactly supported, it follows that the map a is proper on the support of F M IK(q g^). 

Therefore, SSRa\{F M ]K(o,oo)) is contained in the set of all points (a;, t, k) G T*X x R^ such that 
there exists a point (a;, ti, t2i ^ii ^2) G SS(F M ]K(o,oo)) such that t = ti + t2; ki = k2 = k. This 
implies that A; < 0, therefore, 

F *M ]K(o,oo) = Ra^ {F M ]K(o,oo)) G C<o(^), 

as was required. 

The statements 1) and 2) imply that we have an exact triangle 

^ F *K ]K(o,oo) ^ F *M ]K[o,oo) ^ F ^ F *K ]K(o,oo) [1] ^ • • • , 
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where F *k ]K(o^oo) [1] is in C<:o{X) and F*ir]Kjo,oo) is in the left orthogonal complement to C<o{X). 
Therefore, F i— > F*]k]K(o,oo)[1] is the left adjoint functor to the embedding C<o{X) D{X xM.). □ 

Thus, we have proven 

Proposition 2.2. An object F E D{X x M) is in the left orthogonal complement to C<o{X) iff the 
map (OP is an isomorphism. 

2.2.1. From now on we identify T){X) with a full subcategory of D{X x M) which is the left 
orthogonal complement to C<q{X). Thus, the arrow ([T]) is an isomorphism for any F G T^{X) C 
D{X X M) (and only for objects from V{X)). 

2.2.2. Let Tc : X X M ^ X X M be the shift along M by c: Tc{x,t) = + c). We have 
T^^F = F *K Kc. If F G we have 

(2) T,,F ^ F *M ]K[o,oo) *R IKc = F *m ]K[e,oo). 

One can easily check that Tc*F G for example, this follows from an isomorphism 

which is the case for any F E x M). 

For all c > d we then have a natural map Td^^F — > Tc^F which is induced by the embedding 
[c, oo) C [d, oo) and we use the identification This implies that we have natural transformations 
Tdc ■ — > Fc* of endofunctors on for all d < c. It is clear that T^cTed = 7"ec for all e < d < c. 

2.2.3. Call an object F E a torsion object if there exists c > such that the natural map 
tqc '■ F ^ Tc^F is zero in ^{X). 

2.2.4. Still thinking of 'D{X) as a quotient D{X x M)/C<o(X), the microsupport of an object 
F E T^iX) is naturally defined as a closed subset of r2>o C T*{X x M). Denote this microsupport 
by SSi,(F) c J^>o. 

Let us see what this means in terms of the identification of 'D{X) with a full subcategory of 
which is the left orthogonal complement to C<{X). Let F E C F'(X x M). We then 

have SSx)(F) = SS(F) n rj>o, where SS(F) is the microsupport of F which is viewed as an object 
of F»(X X M). 

2.2.5. Let us identify T*M = M x M so that {to, k) eRxM corresponds to the 1-form kdt at the 
point to E R. We then have an induced identification T*{X x M) = T*X x M x M. 

Let A C T*X be a subset. Define the conification Cone(j4) C r2>o to consist of all points 
{io, t, k) E T*X X M X M such that A: > 0, {x,uj/k) E A. Let Va{X) C V{X) be the full subcategory 
consisting of all objects F E I'(X) such that SSx)(F) C Cone(^). 

3. NON-DISPLACEABILITY CONDITION 

Let X be a compact manifold. Let Li,L2 C T*X be compact subsets. Call Li,L2 mutually 
non-displaceable if for every Hamiltonian symplectomorphism <I> of r*X which is identity outside 
of a compact, ^{Li) n L2 7^ 0. Our goal is to prove 
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Theorem 3.1. Suppose there exist objects Fi G T>l^{X), i = 1,2 such that for all c> the natural 
map 

Tc : i?hom(Fi,F2) ^ i2hom(Fi, T^Fa) 
is not zero. Then Li and L2 are m,utually non-displaceable. 

The proof will occupy the whole section. 

3.1. Disjoint supports. Our goal is to prove: 

Theorem 3.2. let Fi G VAi{X), where i = 1,2, Aid T*X are compact sets and ^1 fl = 0. We 
then have i?homx)(x)(-^i) -^2) = 0. 

3.1.1. Lemma. Let M be a smooth manifold let £^ be a finite-dimensional real vector space of 
dimension > 1. Let p : M x E ^ M be the projection. Let F G D{M x E). Let oj G r*M, oj^Q. 
Let U d T*M he a, neighborhood of w. Let V d E* he a neighborhood of in the dual vector 
space. Let us identify T*{M x E) = T*M x E x E*. 

Lemma 3.3. Suppose that 
F is non-singular on the set 

U xExV d T*M xExE* = T*{M x E) 

Then Rp\F and Rp^F are non-singular at u. 

Proof. We will only prove Lemma for RpiF; the proof for Rp^F is similar. 

Fix a Euclidean inner product <, > on E. Without loss of generality one can assume that 

V = B d E* is an open unit ball. 

Let 9 : [0, 00) — >■ [0, 1) be a function such that: 

— e'{x) > for all X > 0; 

— there exists an e > such that for all x G [0, e] we have 9{x) = x. 

— there exists an M > such that for all x > M, 6{x) = 1 — 1/x. 
Let B := {v ^ E\ \v\ < 1}. Let Z : E ^ B he the embedding given by 

I^l 

It follows that Z is a diffeomorphism. Let J : B ^ E he the open embedding Let us split 
p: M X E M as 

MxE^%^ Mxb'"-^' MxE^X. 

Denote z := Id x Z; j := Id x J. We have Rp\F = Rp\j\z\F. We then see that p is proper on the 

support o{ j\z\F. Let us estimate 88(2;!^). 

Let a{x) : [0, 1) [0, 00) be the inverse function to 9. It follows that 0(2;) = x for x < e and there 
exists 5 > such that for all a; G (1 — 5; 1), a{x) = 1/(1 — x). We then get Z~^v = {a{\v\)/\v\)v. 
The condition of Lemma implies that for all u e U and for all c G -B we have {oj,v,c) ^ 8S(F), 
where v £ E. Let 

Sub = {(a;, v, c)\uj eU;veE;ceB}d T*{M x E). 
We then see that the set {Z-'^)*Sub C T*{X x B); 

{Z-^ySuB = {{u;,v,J2cjdmv\)/\v\y)}, 

j 
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where uj £ U, v £ B, and |c| < 1. Let us now estimate SS(j!2;!F). According to 111.0.131 we have 

SS(j!Z.F) C SSiziF)+N*{X X B)", 

where on the RHS we have a Witney sum of the following conic subsets of T*{M x E): 

—we identify SS{ziF) with a conic subset of T*{M x E) as follows: SS{z\F) C T*{M x B) C 
T*{M x E); 

— N*{M X BY is the exterior conormal cone to the boundary of M x B C M x E. We have 

N*{M X By = {{io,b,tb) G T*M x E x E\\b\ = l;t > 0}, 

where we identify T*M x E x E = T*M x E x E*. 
By definition one has: 

SS{z^F)+N*{M X Bf = SS(z!F) U A, 

where A consists of all points of the form {uj,b,ri) £T*M x E x E where 

—uj G T^M; so let us choose a nieghborhood U^^ of xq in M and identify T*U = U x R"^™^; 
let us denote points of T*U by {x,C), x £ U; ( e M'^™^; 

— b G dB and there exists a sequence of points {xk,uJk,bk,'i]k) £ SS{Z\F)nT* {Uxq xB); {j3k'-,tk) G 
dBx^>Q wherexfc xq; bk ^ b; (3k ^ b; lOk ^ Vk + '^tk Ylj Pjdvj r]; tk{\Pk-bk\ + \xk-xo\) 
0. 

We will show that (xq, b, 0) ^ A for any b G 95. Let us prove the statement by contradiction. 
Indeed, without loss of generality, one can assume that {xk,u}k) G U, therefore, {bk,r]k) ^ Z~^*{E x 
V). AsV d E* is an open unit ball, this means that {bk,rik) is of the form 

m = Y.^kdia{\bkW\bk\) 

j 

and \ck\ > 1. as bk ^ b, — > 1 and without loss of generality one can assume \bk\ > 1 — 5 so that 
ai\bk\) = 1/(1 - \bk\). Thus 

m = ^4d{K/i\h\(.i-\bk\)) 

j 

Let Rk = \bk\- We then have 

2^ 

Ilk =< Ck,dbk > /{Rki'i- - Rk))+ < Ck,bk > 7-07- —r:^ < bk,dbk > 

^ky'- ~ ^k) 



so that 



(2Rk 1 

< Vk, Vk > = < Ck, Ck > / {RI{1 - Rkf)+ < Ck, bk >^ ^ 



+2 < Ck,bk >" 



Rti^ - RkY 
2Rk - 1 



Rta-Rkf 



X Ck, Ck > /{Rl{l - Rk?) > 1/(1 - Rkf 
as long as Rk > 1/2 which is the case for all k large enough, without loss of generality we can 
assume that Rk > 1/2 for all k. Thus, \r]k\ > 1/(1 — Rk)- 
Therefore, 

Im + '^tkJ^^iHl > \Vk\-2\tkm > -Rk)-2tk 
j 

By assumption \r]k + 2tk J2j f^kdv^,] — > 0, hence 

1/(1 - Rk) - 2tfc ^ 



and 2tk{l — Rk) 1- On the other hand, we have 

tk{\bk- Pk\)>tkil- Rk), 

because \(3k\ = 1 and \bk\ = Rk- Therefore, tk{l — Rk) 0. We have a contradiction which shows 
that as long as {x,uj) € U, (x,a;,e, 0) ^ SS{j\ZiF). Since the map p : X x E ^ X is proper on the 
support j\Z\F (i.e. X x we know that ^ '^'S>{Rp\ j\Z\F) which proves Lemma □ 

Corollary 3.4. Let F G D{X x E) and let p : X x E ^ X , k : T*X x E x E* ^ T*X x E* be the 
projections. Let 2 : T*X — > T*X x E* be the embedding given by L{x,uj) = {x,uj,0). We then have 

SS{Rp\F), SS{Rp^F) c I-^k{SS{F)), 

where the bar means the closure. 

Proof. Clear □ 
3.1.2. Kernels and convolutions. Let Xi, X2, X^ be manifolds. We are going to define a functor 
D{Xi X X2 X M) X D{X2 X X3 X M) ^ D{Xi x X3 x R). 

Let 

(3) pij : Xi X X2 X Xs xRxR^ Xi X Xj x R 

be the following maps 

Pl2{xi,X2,X3,ti,t2) = (xi,X2,ii); 
P23{xi,X2, X3, ti, t2) = (X2, X3, ^2); 

Piz{xi,X2,X3,ti,t2) = (xi,a;3,ii + t2). 
Let A G D{Xi x X2 x M) and B G D{X2 x X3 x R). Set 

A B := Rpr3liPi2A®P23B), 

A^x^B £ D{Xi XX3X R). 

Let now X^., k = 1,2,3,4, are manifolds and let Ak G D{Xk x Xk+i x R), k = 1,2,3. We then 
have a natural isomorphism 

{Ai •x^ A2) •x; A3 ^ Ai ^x, {A2 -xg ^3)- 

Let A G D{X x R) and S G ^(M). Let pt be a point. We then have A*^ S = A»pt S = S ^pt A. 
Let A G V{Xi X X2) and B G D{X2 x X3 x M). Then A^x^B e V{Xi x X3 x M). Indeed, 
according to Lemma 12.2^ we need to check that the natural map 

^[0,00) *R •Xi B) Kq *k {A -Xa B) 

is an isomorphism. 

It follows that this map is isomorphic to a map 

A) ^x, B ^ (Ko .pt A) •X2 B 

which is, in turn, induced by the natural map 

IJ^[o,oo) 'pt ^ ^ IKo .pt A 

which is an isomorphism because A G T>{Xi x X2). 
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In particular, it follows that 

•X2 ■■ T^iXi X X2) X V{X2 X X3) ^ V{Xr X X3). 

3.1.3. Fourier transform. Let = R" be a real vector space and let E* be the dual space. Let 

Gc^x£;*xMbea closed subset G = {{X, P,t)\ < X,P > +t> 0}, where <,>: E x E* 

is the pairing. One sees that Kq G ^{E x E*). Let rc£'*x£'xMbea closed subset G = 

{{P,X,T)\- <P,X > +t> 0}. Again, wc have Kr e V{E* x ^ x M). 
Define functors F : V{E) V{E*); $ : V{E*) V{E) as follows. Set 

F{A) := A .E Kg; 

$(5) := B»E* Kr. 

-F, $ are called 'Fourier transform'. 

Let us study the composition # o F : V{E) —>■ V{E). We have an isomorphism 

$ o F{A) ^ A •£ (Kg •£* Kr). 

Let us compute Kg • e* ■ Let 

q: ExE*xExRxR-^ExExR 
be given by q{Xi, P, X2,ti,t2) = {Xi,X2,ti +t2)- By definition, we have 

Kg •E*K.r = RqiKk, 

where 

K = {{Xi,P,X2,ti,t2)\ti+ < Xi,P>> 0;t2- < X2,P>> 0} 
Let us decompose q = qiq2, where 

q2: ExE*xExRxR^ExE*xExR 
q2{Xi,P,X2,h,t2) = {Xi,P,X2,h+t2); and 

qi : E X E* X E xR^ E X E xR, 

qi{Xi,P,X2,t) = {Xi,X2,t). 

We see that q2iK) = L := {{Xi,P,X2,t)\t+ < Xi - X2,P >> 0}. Furthermore, the map 
qilx '■ K ^ L is proper; it is also a Serre fibration with a contractible fiber. Therefore, we have an 
isomorphism Rq2\KK —K^. 

Let us now compute RquKi. Let Ac£'x£'*x£'xMbe given by 

A = {{Xi,P,X2,t)\X^=X2;t>0}. 

We have A C L so that we have an induced map 

Kl Ka. 

It is easy to check that the induced map 

RqiiKl — > -Rq'iiKa 

is an isomorphism. 

We also have an isomorphism i^giiKA = K^(^Xi,X2,t)\Xi=X2;t>o}[~''^]- 
Thus, we have an isomoprhism 

Rq\KK = IK{(Xi,X2,t)|Xi=X2;t>0}[-"] 
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For any A £ D{E x M.) , we have an isomorphism 

A •e ]K{(Xi,X2,t)|Xi=X2;t>0} — ^ *M IK[o_oo)- 
Thus we have an isomorphism of functors 

cI>(F(.)) - (•) *M ]K[o,oo)[-r^] 

The functor on the RHS acts on T){E) as the shift by — n. Thus we have estabhshed an isomorphism 
of functors ^ o F = Id[— n]. Analogously, we can prove F o ^ = Id[— n]. We have proven: 

Theorem 3.5. ^[n] and F are mutually inverse equivalences ofT>{E) and V^E*). 

3.1.4. Let us now study the effect of the Fourier transform on the microsupports. Let 

a : T*E = E x E* ^ T*E* = E* x E 

be given by a(X,P) = {—P,X). It is clear that a is a symplectomorphism. 

Theorem 3.6. Let A C T*E be a dosed subset and S £ T>AiE). Then F{S) G 'Da{A){E*). 
Let B G T*E* be a closed subset and S G Vb{E*). Then ^{S) G Va-i(^B){E). 

Proof. By definition, we have 

F{S) = Rpi:,,{p^^S®p:^^Kg). 

Here the maps pij are the same as in ([3]) for Xi = pt; X2 = E; X^ = E* . 

The condition S G T>a{E) means that SS(S') is contained in the set 0,q of all points 

{x,t,uj,k) e E xRx E* xR = T*{E x M), 

where either k < or k > and {x,uj/k) G A. 
Therefore, 

SSip^^S) C Qi := {{X,P,ti,t2,iO,0,k,0)\{X,t,LO,k) G !^o}- 
As G C X £;* X M is defined by the equation t+ < X,P >> 0, we know that SS(IfCG) consists 
of all points of the form 

{X, P, t,kP,kX,k) e E X E* xRx E* X E xR 

where t+ < X, P >> 0, k > and A; > implies t+ < X,P >= 0. 
Therefore 

SSip^^Kc) = Vt2 := {{X,P,tut2,kiP,kiX,0,ki)\{X,P,t2,kiP,kiX,ki) G SS{Kg)}. 
We see that fii n — is contained in the zero section of T*{E x E* x M x M). Therefore, 

SSiip^iS) {p2,'Kg)) 

is contained in the set of all poits of the form uji + uj2 where uJi G and loi,lo2 are in the same 
fiber ofT*{E x E* xRxR). 
We have 

ss{p^is^p^iKG)cn3, 

where il.^ consists of all points of the form 

{X,P,ti,t2,L0 + kiP, kiX,k,ki) 

where: 

— if A; > 0, then {X,uj/k) G A; 
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— t2+ <X,P>> 0; 

— A;i > 0; 

— if /ci > 0, then t2+ < X,P >= 0. 

Let I : E X E* xRxR^ E X E* xRxRhe given by 

I{X,P,ti,t2) = {X,P,ti+t2;t2). 
Let TT : E X E* xRxR-^ E* xRhe given by 7r(X, P, ti,t2) = {P, h). We then have pis = vr/; 

RpwXPiiS (g) P23KG) = Rirdiip^iS ® Pas^Kc). 

It is easy to see that 

SS/,(pj2^S(g)p23^]KG) 

is contained in the set ^4 of of ah points {X, P, ti+t2,t2,uj, r],k,ki—k) where {X, P,ti,t2,uJ,r],k,ki) G 

Suppose that a point (P,^) £ E* x E = T* E* does not belong to a{A), that is i-^,P) ^ A. 
We will prove that Rtt\L{p^2'S ^ P23^g) is non-singular at any point of the form {P,t,^,l) G 
E* xRx E xR = T*{E* xR) (this means precisely that RiTiLXp];^ S (g> p^^Kc) G V^i^j^){E*).) 

According to Lemma l3.3t it suffices to find an e > such that any point of the form 

(X, P',ti,t2,u;,'n,k',k[) 

with \P' — P| < e; |u;| < e; |?y — CI < ^'1 \k' — 1| < e; \k[\ < e is not in fl^. Assume it is, then there 
should exist a point (X, P',ti,t2,(^ + kiP', kiX, k, ki) G O3 such that \P' — P\ < e; \uj + kiP'\ < e; 
\kiX — ^\ < e; |A; — 1| < e; \k' — k\ < e. If e is small enough, we have k,ki > and {X,u)/k) G A. 
For any 5 > there exists a e > such that these conditions imply: 

(4) \uj + P\ < 6;\X - i\ < 5. 

However, we know that (C; —P) = a~^(P, C) ^ A. As ^ is closed, for 5 small enough, there will 
be no points in A satisfying (jj]). 

The proof of Part 2 is similar. □ 

3.1.5. Lemma. 

Lemma 3.7. Let S G Pa(X) where A is a compact. Then SS{S)r\Q.<Q{X) C T*x^^{X x R). That 
is S is non-singular at every point of the form (x, t, to, kdt), where either k <0 and uj ^ or k < 0. 

Proof. Choose a point xq G X, coordinates near xq so that xq has zero coordinates and let U he a 
small neighborhood of xq given by |x*| < 1 for all i. Consider the set Ar]T*U. This set is contained 
in the set B := {(x, ^ ajdx*)||aj| < M}, for some M > large enough. Let ^p : R ^ (—1, 1) be 
an increasing surjective smooth function whose derivative is bounded (say ip{x) = (2/7r)arctan(x)). 
Fix a constant C > such that < ?/''(x) < C for all x. 

we then have a diffeomorphism ^' : E := M" ^ U, '^{X\ X^ , . . . , X"") = {^p{X^),^p{X^), . . . ,^p{X'')). 
It then follows that the set "i^^^B consists of all points {X,"^ aidip{X'^)), where [aj| < M. But 
^ai(iV'(Xi) = ^aiV'(X,)dX,. We know that \aiil:'{Xi)\ < CM =: Mi. Let F C ^* be given by 
bidX^\\bi\ < Ml} so that ^'"^5 is contained in the set E x V C E x E* = T*E. 

Let S G Va{X). It follows that G := ^''^'S'Ic/xr) S Vexv{E). Our task now reduces to 
showing: let G G T>exv{E). Then G is nonsingular at a point {X,t,uJ,kdt) (^ExRxE*xRif 
either k < or k = and uj ^ 0. 

The statement will be proven using the Fourier transform. 
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First, we have an isomorphism G = ^{F{G))[n]. Next, Theorem 13.61 imphes that H := F{G) G 
T^VxEiE*). Let W C E*\V be an open subset such that its closure is also a subset of E*\V. 
We then see that the restriction H\wxR is both in C<o{U) (clear) and in the left orthogonal 
complemenent to C<o{U) (follows from (j2.2p ). Therefore, -ff|iyxR = 0. Hence H is supported on 
y X M c ^* X M. Let us now study ^{H)[n\ = G. We have 

<P{H) = RpMPu^ <^P2i^{{P,x,t)\t-<x,p>>0}), 

where pij are the same as in ([3]) with Xi = pt; X2 = E*; = E. We need to show that if 
{X,t,uj,k) G SS{^{H)) and k<0, then k = and lo = 0. 
We have 

SSip^iH) cni = {iP,X,h,t2,TT,0,ki,0)\P E V}; 

SS(p23'l^{(P,X,t)|t-<X,P>>0}) C = {{P,X,h,t2,-kX,-kP,0,k)\k > 0} 

Let uJi e fti belong to the fiber of T*{E* x £' x M x M) over a point {P,X,ti,t2). It is clear that 
(jJi + UJ2 = implies that uj2 = uJi = 0. Therefore, we have 

SS{p^2^ (g) P23^{[P,X,t)\t-<X,P>>0}) 

C = {{P,X,ti,t2,iT - kX,-kP,ki,k)\k >0;PeV} 

Let us decompose P13 = pi, where / : £'*x£;xMxM^ £'*xii;xMxMis given by 
I{P,X,ti,t2) = {P,X,ti+t2,t2) andp{P,X,Ti,T2) = (P,Ti). We then see that 

^Hl^iPii^ ^ P2i'^{{P,X,t)\t^<X,P>>0})) C ^4, 

where consists of all points of the form (P, X, ti,t2,iT—kX, —kP, ki,k—ki), where (P, X,ti,t2,iT— 
kX,-kP,ki,k) e O3. 
Assume 

{X',t,uj,k') e SSiRpiLXp];^ H (g) p23K{(^p^x,t)\t~<x,p>>o})) 

and k' < 0. We are to show k' = 0,uj = 0. 

According to Lemma fS.SI for any e > there should exist a point (P, X, ti,t2,TT — kX, —kP, ki,k — 
ki) G such that | - A;P - u;| < e; \ki - k'\ < e; \k - ki\ < e, P e V , k > 0, k' < 0. Therefore, 
—k' < k — k' = \k — k'\ < \k — ki\ + \ki — k'\ < 2e. Similarly, k < 2e. Since e can be made arbitrarily 
small, k' = 0. Next, \uj\ < e + \k\\P\. As V is bounded, there exists D > such that |P| < D. 
Thus, |a;I < e{l + 2D) for any e > 0. Therefore, a; = 0. □ 

3.1.6. Choose Pi,P2 in the left orthogonal complement to C<o{X). 
Consider the following sheaf on X x M: 

H := Pp2*^Hom(p^^Pi;a'P2), 

where pi,P2, a:Xx]Rx]R— >XxM are given by: Pi{x, ti, ^2) = {x, U); a{x, ti, t2) = {x, ti + t2)- 
Let q : X X M ^ X he the projection. 

Lemma 3.8. One has 1) R\iom.{Fi, F2) = R\iom.^{K.Q; Rq^H) ; 

2) RhomK{Ku;Rq*H) = 0; 

3) Rq-^H is locally constant along M. 
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Proof. Let S e D{R). We have 

RhomK{S; Rq^H) = i?homiR(5'; i?7r*Hom(pj"^Fi; a'F2)), 

where vr = qp2 : X x M x M ^ M; iT{x,ti,t2) = t2- 
Next, 

Rliom^{S; i?7r*Hom(p^^Fi; a'F2)) 
^Rhomxy<R{Rai{TT-^S^p^^Fi);F2) 
^ RhomxxR{Fi *M S';F2). 

Thus, 

Rhom{S;Rq,H) ^ i?homxxR(Fi *R 5;i^2). 

Let us now prove 1) 
We have: 

RhouiRiKo; Rq,H) = i2homxxR(i^i *rKo;F2) = i?hom(Fi, F2). 

2) We have 

i?homK(IfCK; = i?homxxlR(-?^i *R IKr; F2) 

As Fi G I'(X), we have an isomorphism 

Fl *R IK[o,oo) *M IKr ^ Fi *M Kr. 

However, one can easily check that IKp^oo) *IR = 0. Therefore, 

Fl *K IK[o,oo) *R IKr = 0, 

whence the statement. 

3) Let us identify T*(XxM) = T*XxE.'^; T*{XxRxR) = T*XxR^ so that iu,t,k) e T*XxR^ 
corresponds to a point (w, r]) E T*X x T*R, where r/ is a 1-form kdt at the point t E M; analogously, 
we let {uj,ti,t2,ki,k2) correspond to a point {u^X) ^ T*X x T*{R x M) where C = + k2dt2 is 
a 1-form at the point (ti,i2) S 1^^- 

According to Lemma l3.7| We know that 

SS{Fi)n{{iu,t,k)\k<0}cT^^^{X xR). 
Since Fi E VAiiX), we have 

SS(Fi) n {{LJ,t,k)\k > 0} C {(6J,t,/c)|A; > 0;{x,uj/k) E ^1}. 

Thus, 

SS(Fi) C {{kLO,t,k)\k > 0;w E ^i} 

Analogously, 

SS(F2) C {{kuj,t,k)\k > 0;uj E A2}. 

Therefore, 

SS(pr^i^i) C {{kiiui,h,t2,ki,0)\ki > 0;iui E ^1}; 
SS(a'F2) C {{k2UJ2,ti,t2,k2,k2)\k2 > 0;w2 G ^2}- 
In order to estimate SSR^xym{p^^ Fi; a' F2) one should first check that SS(p|f"'^Fi) Pi SS(a'F2) C 
-^XxRxk("'^ X R X R). This is indeed so, because every point p in SS(pj^"'^Fi) n SS(a'F2) is of the 
form 

p = {kiu;i,ti,t2,ki,0) = ik2iL!2,ti,t2,k2,k2). 
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which imphes ki = k2 = 0, hence kiuji = k2UJ2 = 0. Therefore, one has 



SS-R Hom fjp^ Fi;a-F2) C {{k2iOi - kiuj2,h,t2; k2 



ki; k2)\ki,k2 > 0; G Ai;uj2 G A2} 



where it is also assumed that wi, W2 belong to the same fiber of T*X. Let g':XxMxM— >MxM 
be the projection. Consider an object 



so that Rq^:H = i?(7,,i?p2*-RHoiS:(pr^-^ii '^'-^z) = RP2*G, where P2 : M x M — > M is the projection 
along the first factor; p'i{ti,t2) = t2- 

As the map q' is proper, the microsupport of G can be estimated as 



where again it is assumed that uji are in the same fiber of T*X. Denote the set on the RHS by 
r C = r*(M X R). Let us now estimate SS{Rq^H) = Rp'2^G using Lemma[331 

Let us first prove that {t, 1) ^ SS{q^:H), where we identify T*M = M x M. Assuming the opposite 
implies that for any e > there should exist {ti,t2,k2 — ki,k2) G F such that |A:2 — A;i| < e; 
\k2 — 1\ < s. As ^1,^2 are compact and do not intersect, it is clear that for e small enough we 
have kiAi n ^2^2 = O which contradicts to {ti,t2, k2 — ki, k2) G F. 

Let us now show that Rq-tH is non-singular at any point (t, —1). Similar to above, assuming the 
contrary implies that for any e > there should exist (ti,t2, k2 — ki, /C2) G F such that |A;2 + 1| < £• 
As k2 > 0, this leads to contradiction. □ 

3.1.7. Proof of Theorem \3.2l It now follows that Rq^H is a constant sheaf on M with i?F(R, Rq^H) = 
0, i.e. Rq^H = 0. Hence i?hom(Fi,F2) = by Lemma (Mil)- 
This proves Theorem 13.21 

3.2. Hamiltonian shifts. Let ^ : T*X T*X be a Hamiltonian symplectomorphism which is 
equal to identity outside of a compact. Let L C T*X be a compact subset. 

Theorem 3.9. There exist: 

a collection of endofunctors Tn ■ T^{X) 1 < n < for some N, and a collection of 

transformations of functors t^ : T2k T2k+i (for all k with 2k + 1 < N ). s^ '■ ^2^+2 ^2fc+i (for 
all k with 2k + 2 < N); 



1) Tn = Id; 

2) T^{Vl{X))cV^^l){X); 

3) For all k and for all F G V{X), we have Cone{tk{F)) and Cone{sk{F)) are torsion sheaves 
(see Sec. 

3.2.1. Singular support of convolutions. Let A G T*X and B C T*{X x Y) = T*X x T*Y be 
compact subsets. Let C C T*Y; 



G := RqiRRgm{p^^Fi;a'F2) 



SS(G) C {{ti,t2,k2 - ki,k2)\ki,k2 > 0; Bwj G Ai : kitoi 



k2U!2} 



Such that 



C := A* B = {p e T*Y\3q G A : {-q,p) G B]. 
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3.2.2. Lemma. 



Lemma 3.10. Let Ai D A2 D ■ ■ ■ D An D ■ ■ ■ D A be a collection of compact sets such that 
O^Ai = A. Let U D C be an open neighborhood. There exists an N > such that for all n > N , 
An»B CU. 

Proof. Assume not and pick points 6„ G {An • B)\U. One then has points a„ G An such that 
{—an,bn) & B. As B is compact, one can choose a convergent subsequence a„j. —>■ a and — b. 
It follows that (—a, b) € B. We see that a € An^. for all k, hence a & A. Therefore, b C. On the 
other hand, as ^ U, b ^ U, we have a contradiction. 

□ 

3.2.3. Let A,B,C are compact sets as above. 

Proposition 3.11. Let F G Va{X); K G Vb{X x Y). Then F»K e Vc{Y). 

Proof. It suffices to prove: let (yo, Vo) ^ C*. Then F • K is nonsingular at {yo,t, rjQ, 1) for all t G M. 

Let us identify of r*(X x F x M x M) = T*X x T*Y xT*{RxR) = T*X x T*Y x M^ where 
we identify T*{R x M) = in the same way as above: a point (^1,^2)^1)^2) G corresponds to 
a 1-form /cidti + k2dt2 at the point (ti,t2) G I^^- 

Let us estimate the microsupport of F • K := pi3\{Pi2F (8) P2^K), where pij are the same as in 
([3]) with Xi = pt; X2 = X; X3 = Y. We have P12F is microsupported within the set 5^ consisting 
of all points of the form 

{kiu;i,0y,ti,t2,ki,0), 

where 0^^ G TyY, {x,u>i) G ^; A;i > (as follows from Lemma l3.7p . Analogously, The sheaf P2^K 
is microsupported on the set Sk consisting of all points of the form 

{k2UJ2, k2r]2,ti,t2,0, k2), 

where k2 > 0, {uj2,'q2) ^ B. 

One sees that Sx^—Sp C r^^y^]g^]g(Xxy xMxM). Therefore, p'^2 ^(^^p^^ K is microsupported 
within the set of all points of the form 

{kiuji + k2UJ2,k2r]2,ti,t2,ki,k2), 

where ^1,^2 > 0; ui G A; {i02,r]2) G B. 

LetQ:Xxyx]RxM^yx]Rx]R, a:yxMxM^yxMbe given by 

Q{x,y,ti,t2) = (y,ti,t2); 
a{y,ti,t2) = {y,ti +t2) 

so that P13 = aQ. 

We see that the map Q is proper on the support of P12F ®P2^K. It then follows that the sheaf 
\I' := RQ\{Pi2F ®P2-i^) is microsupported on the set Sq of all points 

(A;2??2)ti,i2,A;i)fc2) 

such that fci, ^2 > and there exist oji G A, {oJ2,fl2) € B such that uji and uj2 are in the same fiber 
of T*X and kiuji + k20J2 = 

Let us now estimate the mircosupport of Ra\^ . We will use Lemma |3.4[ Let us use an isomor- 
phism /:yxRxM^yxRxM, where 

I{y^h,t2) = {y,ti + t2;t2). 
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Let p2:^xIRxIK^^xlRbe given by P2{y, ii, ^2) = {y, h) so that we have 

a = P2I 

and Rat^ = Rp2\I\^ ■ We see that the sheaf is microsupported on the set Fi consisting of all 
points of the form 

{k2il2^ti,t2,ki,k2 - ki) 

such that ki,k2 > and there exist uJi € A, {002^112) G B such that loi and 1^2 are in the same 
fiber of T*X and kiuji + k20J2 = 0. Let us now use Lemma 13.41 in order to estimate SS-Rp2!-^!^- Let 
r] E T*Y] 7] ^ C. We need to show that Rp2\I\^ is non-singular at any point of the form 

(??, t, 1) e T*Y X M X M = T*Y x T*R. 

Assuming the contrary, for any 5 > there should exist a point (A;2??2, Ti,T2, ki,k2 — ki) G Fi such 
that I?? — k2ri2\ < S and \ki — 1|, |/c2 — ki\ < 6. Given e > 0, one can choose S > such that under 
the conditions specified, \l — ki/k2\ < e. Let ^4^ = [1 — e, 1 + e].A\ We then see that there should 
exist CJ2 G T*X such that (a;2,??2) £ B and —uj2 G (because — a;2 = ki/k20Ji and wi G A). Thus, 
1I2 ^ As • B. We see that the sets Aij^, n = 1, 2, . . . are compact and P|„ ^i/n = ^- Let [/ D C be 
an open neighborhood. 

By Lemma |3.10| there exists an such that Aijj^ • B C U i.e. for all e < we have 772 G U . 
Taking into account the inequality [r/ — A;2??2l < ^ and letting 5 arbitrarily small, we see that r] . 
As U is any open neighborhood of C, we conclude rj €z C. We get a contradiction. □ 

3.2.4. If $ = $i<^2 • • • <I*Ar and the statement of the Theorem is true for each it is true for 
<I>. In other words, if Z is the set of Hamiltonian symplectomorphisms of T*X which are identity 
outside of a compact and if Z generates the whole group of Hamiltonian symplectomorphisms of 
T*X which are idenitity outside a compact, then it suffices to prove Theorem for all $ G 

Let us now choose an appopriate Z. Call a symplectomorphism $ : X — > X small if 
1) There exists a Darboux chart U C T*X with Darboux coordinates x, P, where are local 
coordinates on x, = d/dx^, < 1 and for some fixed 

(5) TT G M", 

|P* — vr'l < 1 for all i. Let p^ := — tt\ For x G M"" we set \x\ := maxi\xi\. We demand that 
^ should be identity outside a subset V C U, \x\ < 1/2, \p\ < 1/2. 2) let {x',p') = ^{x,p). Then 
{x,p') form a non-degenerate coordinate system on U so that {x,p') map C/ diffeomorphically onto 
a domain C M^". 

It is well known that the set Z formed by small symplectomorphisms satisfies the conditions. 

3.2.5. Small symplectomorphisms in terms of generating functions. The coordinates {x,p) define 
an embedding U C M^"'. Let us extend to a map $ : M^" R^"' by setting ^{x,po) = {x,po) 
for all {x,po) ^ U. We see that <I> is a diffeomorphism because it maps U diffeomorphically to itself, 
as well as the complement to U. Hence, $ : M^" M^" is a symplectomorphism with respect to 
the standard symplectic structure. 

As above let = ix',p'). Let ^ : M^" M^" where ^{x,p) = {x,p'). 



Lemma 3.12. ^ is a diffeomorphism. 
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Proof, a) ^ has a non-zero Jacobian everywhere. Indeed, if |x| < 1, \p\ < 1 this is postulated by 
2); otherwise = Id in a neighborhood of {x,p). 

b) $ is an injection. Suppose = ^'(x2,P2)- Then xi = X2 = x and p'{x,pi) = p'{x,p2)- 
Consider several cases: 

1) |x| > 1, then p'{x,pi) = pr, p'{x,p2) = P2 and pi = p2] 

2) |x| < 1; \pi\ < 1. If \p2\ < 1, then pi = p2 by Condition 2). If \p2\ > 1, then p'{x,p2) = P2] 
\p'{x,p2)\ > 1 and \p'{x,pi)\ < 1 because $ preserves U, so p' {xi,pi) p' {x2,P2)', 

3) \x\ < 1 and \p2\ < 1 — similar to 2); 

4) |x| < 1 and |pi|,|p2| = 1- Then p' {x , pi) = Pi, therefore pi = P2- 

c) ^ is surjective. We know that ^{x,p) = {x,p) if |x[ > 1 or \p\ > 1. Assume that, on the 
contrary, (xo,Po) does not belong to the image of "if. It follows that \xq\ < 1; |po| < 1- For R > 
consider the sphere Sr given by the equation + J2iiP^)'^ — Choose R so large that 
{x,p) G Sr implies |x| > 1 or \p\ > 1. We then have "^{sr = Id. It also follows Sr cannot be 
homotopized to a point in M.'^^\{xo,po) (because {xq,po) is inside the open ball bounded by Sr). 
On the other hand it can: Let 7 : Sr x [0, 1] M'^" be any homotopy which contracts Sr to a 
point. Then ^' o 7 is a required homotopy. This is a contradiction. □ 

Lemma 3.13. There exists a smooth function S{x,p') on M^" such that 
1) {x',p') = '^ix,p) iff for all i: 

dS 



{xj = x' + 



d{p'Y 



2) S = ^ if\x\ > 1/2 or \p'\ > 1/2; 



3) max \x' + dS/d(p'y\ < 1/2 

\x\<l/2,\p'\<l/2 

Proof. Consider the following 1-form on M^": "^p^dx"^ + "^{x'yd^p'y . This form is closed, hence 
exact. So one can write 

Y^p'dx' + Y,(x'yd{py = d{s{x,p')+ < x,p' >) 

by virtue of Lemma 13.121 This equation is equivalent to the part 1) of this Lemma. 

We know that $ = Id if |x| > 1/2 or \p\ > 1/2. Therefore, ^ , being bijective, preserves the 
region \p\ < 1/2}. Therefore, if \p'{x,p)\ > 1/2, then either \x\ > 1/2 or \p\ > 1/2, hence 

p'{x,p) = p; x'{x,p) = X and dS{x,p') = as soon as |a;| > 1/2 or \p'\ > 1/2. As the specified 
region is connected, 5 is a constant in this region, and one can choose S" to be as long as |a;| > 1/2 
or \p'\ > 1/2. This proves 2). 

It also follows that if |x| < 1/2 and \p'{x,p)\ < 1/2 then |p| < 1/2, because otherwise = 
{x,p) and p' = p, which is a contradiction. This implies 3). □ 

3.2.6. Let J be the set of all smooth functions S{x,p') on M^" such that S is supported on the set 
< 1/2, \p'\ < 1/2} and the inequality 3) from Lemma [3. 131 is satisfied. Our ultimate goal 
is: given such an S, we would like to construct certain kernels in P(M"' x M") and then 'D{X x X). 

Let vr E M" (this parameter has the same meaning as in ([5]). Let S" G J. We will start with 
constructing an appropriate object A5^^ G P(M"' x M") and estimating its microsupport. 
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Let TiT^{xi, X2,p') := —S{xi,p')— < xi — X2,p' + vr >. We can decompose 

dYij^ = dxi'^TT + dx2'^TT + dp' Syr. 

Let r7r(S') C T*M"' X T*M" consist of all points {xi,pi, X2,P2) satisfying: there exists p' such that 
dp>T^-rT{xi,X2,p') = and pi = dx,T.^{xi,X2,p'); P2 = ^^2^71(2:1, X2,p')- 

Remark. Let us take S as in Lemma r3.131 The set T.„(S) then consists of all points (xi, Pi, X2, P2) 
such that ¥(xi; -Pi - vr) = (3:2, -P2 - tt). That is, if |Pi + 7r| < 1, then (x2,P2) = ^{xi, -Pi); if 
\Pi + vr| > 1, then X2 = xi, P2 = —Pi, where we use notation from Sec 13.2.41 

We are now passing to constructing an object As,tt ^ ^(r7r(-S')). Consider the following subset 
Cs,n C R" X X X M; 

{{XI,X2, p',t,)\t + D^r > 0}, 

Let g : X X M" X M ^ M" X M" X M be given by 

q{xi,X2,p,t) = {xi,X2,t). 

Set As,7r := Rq\Kcs^^- 
Lemma 3.14. Assume S e J. Then As,n G 2?r^(s)(IK" x I^")- 

Proof. It is straightforward to check that As^n is in the left orthogonal complement to C<o(IR"xM"). 

Let us now estimate the microsupport of As^n- Let us choose a large positive number C and 
consider objects 

Fc := Rq<M{{xi,x2,p',t)\t+T:^{x'^,x2,p')>0;\p'\<C} 
so that Astt = Llim^ Fn- 

We will prove: let {xi,X2,t,uji,uj2,k) S T*(M" x M" x M) be a singular point of Fc- Then one of 
the following 3 statements is true: 

— k = uji = L02 = 

— A; > and \ijOi/k\ > C — \'k\, i = 1,2. 
— (xi,X2,wi,u;2) G Tt,{S) 

This implies the Lemma as C can be chosen arbitrarily large. 
Let us estimate the microsupport of the sheaf 

^{{xi,X2,v',t)\t+T.^(xi,X2,p')>0:\p'\<C} 

we see that it is contained within the set of all points of the form 

(xi,X2,p',t,A;dS^(xi,X2,p') + ^aid(p')*), 

where \p'\<C and < if {p'Y = -C; = if \{p'y\ < C, and > if {p'Y = C; also, k>0 
and if /c > 0, then t + T,Tr{xi,X2,p') = 0. 

Let us now estimate the singular support of the sheaf 

RQ\'^{(x,x',p,t)\t+T.^{xi,X2,p')>0;\p'\<C}- 

As q is proper on the support of this sheaf, we see that 

RQ\^{(x,x',p,t)\t+T:^(xi,x2,p')]\p'\<C} 
is microsupported on the set of points 

{xi,X2,t,UJi,UJ2,k), 

where there exists p' ,\p'\ < C such that 
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(6) uji = kd^^T,^{xi,X2,p') 

where fc > and if /c > then there exists p' such that 

^(xi,X2,p')>0if(p'r = -C; 



d{p' 

(7) ^(xi,x2,p') = 0if|(p')'l<C; 

ay 

^{x„x,,p')<oif{p'y = c. 

Let us first consider the case C > 1/2, \p'\ = C, and A; > 0. Observe that if \p'\ > 1/2, then 
S{x,p') = 0; = — < xi — X2,p' + TT >. Eq. ([6]) then imphes: If C > 1/2 and \p'\ = C, then 
uji = —k{p' + vr); uj2 = ^(p' + tt). Hence: if /c > and |p| = C, then jwil/A;, |w2l/fc > C — |7r|. 

If A; > and |p| < C, then (xi, X2, wi, ^2) G T^IS") by ([6]) and O. 

If A; = 0, then uJi = UJ2 = 0. Finally, k is always non-negative. This proves the statement. □ 

3.2.7. Let ^, S C X X M be the following open subsets: 

A = {{xi,X2,t')\\xi\ > 1/2} 

B = {{xi,X2,t')\\xi\ <3/5;|x2| > 4/5} 

Lemma 3.15. For every S G J we have: 1) ^.s,-k\a — ^{xi=x2;t>o}[~^]i 
2) As,n\B = 0. 

Proof. 1) We have S{xi,p') = for all xi > 1/2. Therefore, 

A5U = R'^\^{t-<xi~X2,p'+TT>>0} — ^{xi=X2;t>0}[-n]- 

The last isomorhpism has been established in Sec. 13.1.31 
2) Let < 3/5, |x2| > 4/5, and consider the equation 

dp,^^{xi,X2,p') = 0. 

We have 

dp'{-S{xi,p')- < xi- X2,p' + vr >) = -xi - dp>S{xi,p') + X2 = X2 - y, 

where 

y = Xi+ dp'S{xi,p') 

if Ip'I < 1/2 then \y\ < 1/2 as E J. If \p'\ > 1/2, then y = x and \y\ < 3/5. Thus, in any case 
\y\ < 3/5, therefore, X2 — y / because |x2l > 4/5. 
Thus for all p' , 

dp'T.T,{xi,X2,p') / 0. 

2)Fix (xi,X2) G B. Set G{p') := S^(xi, X2,p')- We know that dG{p') + for all p'. For 
Ip'I > 1/2, G(p') = — < xi — X2,p' + vr >=< c,p' > -^K for some constants c 7^ and K. 

We need to show that for any such a function G, R(l^{{t,p):t^'G{p)>fi) = where q : M" x M — > M 
is the projection. 
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Let y C K" be the hyperplane < c,p > +K = -M for M >> 0. Let be the flow of the 
gradient vector field of G. We then get a map 

r : y X M ^ M'", 

T{y,T) = Fr{y) 

The map F is clearly a diffeomorphism and G(r(y,r)) = r — M. Thus, under diffeomorphism T, 
the function G{p') gets transformed into r — M. Therefore it suffices to show the statement for G 
being a linear function on M", in which case the statement is clear. □ 

3.2.8. Using the above Lemma we will now construct a kernel in 'D{X x X) where X is as in Sec. 
13.2.41 Observe that A[J B contains the set C := {{x,x' ,t)\\x\ > 4/5 or \x'\ > 4/5} and the above 
Lemma implies that A.s^n\c — ^{x=x',t>o}- 

Recall (Sec 13.2.^ that we have a Darboux chart U C T*X. Let Ui be the projection of U onto 
X. Ui is identified with a cube \x\ < 1 in M"". Let V dUi d X he given by the equation |x| < 1 and 
K dV hy the equation < 4/5. We then have a sheaf ^s,TT\vy.Vy.M. and a compact K <ZV such 
that on := F x FxM\(i^ xiT xM) we have an identification A^^Trliy = ^{{xi,x2,t)^w\xi=x2\t>o}[~fA 

One can now extend ks^-n to a sheaf on Xx xXxM by setting L^lxxRxXxRVvy = I^{(x,a;',t)|a;=x';t>o}- 
Denote thus obtained sheaf by L5. Let r$ = {(-w, $(w)} C T*X x T*X. 

Proposition 3.16. We have Ls e Vr^iX x X). 

Proof. Follows easily from Lemma l3 . 1 4 1 and Remark before this Lemma. □ 

3.2.9. Let S^{x,p) be a function on R^" defined as follows: if S{x,p) < 0, then we set S+{x,p) = 0; 
if S{x,p) > 0, then we set S-^.{x,p) = S{x,p). 

Lemma 3.17. For every S € J and any tt S M" we have: 1) As^^n\A — ^{xi=x2;t>o}[~''T]j 
2) As+,rr\B = 0. 

Proof. There exists a sequence of smooth functions gn{x) on M with the following properties: 1) 
each function gn{x) is non-decreasing; furthermore, < g'nix) < 1 for all n and x; 

2) for every x, the sequence gni^) is non-decreasing; 

3) for x <0, gn{x) = 0; 

4) for X > 1/n, g'^{x) = 1. 

Fix such a sequence of functions. 

For S £ J consider functions Sn{x,p) = gn{S{x,p)). Let us check that Sn G J- Indeed, 5„, are 
supported on the set < 1/2, \p\ < 1/2 because gn{0) = 0. Next, we have |x* -|- dS/dp^\ < 1/2 
for all X with \x\ < 1/2, i.e 

dS/dp' G [-Xi - 1/2; -Xi + 1/2] 
The interval on the RHS contains zero, therefore is closed under multiplication by any number 
AG [0,1]. 
We have 

dSJdp' = g'^{S)dS/df G i-Xi - 1/2; -x, + 1/2] 
precisely because < g'^ < 1. Thus, Sn G J. 

Next, we see that Si{x) < 5*2 (x) < ••• < Sn{x) < ■■■ and that converges uniformly to 

It then follows that we have induced maps As-^^n As2,n — > • ■ ■ As^^-k — > • • • and we have 
an isomoprhism 

^lim^A5„,7r As+,7r- 
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Since the sheaves As„^tt satisfy the Lemma, so does As^^-k- D 

This imphes that in the same way as above, A.s^,n can be extended to X x X x R in the same 
way as As^n and we denote thus obtained sheaf by Ls+,-k- 

3.2.10. Proof of the Theorem \3.9l We will prove an equivalent statement as in Sec 13.2.4] 

Define a functor T : V{X x M) ^ V{X x M) by setting T{F) = F»Ls (see Sec. [3X2D . Because 
of Lemma [3.161 and Proposition 13 . 1 1 1 we see that if F G Vl{X), then TF G 'D^(^^{X). 
Next, we have natural maps 

Note that Lq^tt = ^{{xi,x2,t)\xi=x2,t>o}- order to finish the proof of the theorem, it suffices to 
show that the cones of the induced maps F • Ls^-k — > F • Ls+^-w and F = F • Lo,7r — > F • Ls^^n 
are torsion sheaves for all F € V^X). This easily follows from the fact that the cones of the maps 
Ls^TT I^S+,-n and Lq.tt Ls^.-k are torsion objects in ^{X x X xR). This fact can be seen from the 
following: each of the cones in question is supported on the set {(xi, X2, <t< M} where m is 
the minimum of S and M is the maximum of S. Any sheaf G with such a property is necessarily 
torsion, because the supports of G and Tc^G are disjoint for c >> and i2hom(G, Tc^,G) = 0. This 
proves theorem 13.91 

3.2.11. Proof of Theorem \ 3.1\ Let Fi,F2 £ T^{X) and let f : Fi ^ F2. Call / an isomorphism 
up-to torsion if the cone of / is a torsion object. Call Fi and F2 isomorphic up-to torsion if they 
can be connected by a chain of isomorphisms up-to torsion. 

It is easy to see that if Fi and F2 are isomorphic up-to torsion and for some G € T)[X), the natural 
map i?hom(G, Fi) — > hom(G, Tc^Fi) is zero for some c > 0, then the map i?hom(G, F2) 
Rhom{G,Td*F2) is zero for some d> 0. 

Suppose Li and L2 are displaceable compact Lagrangians in T*X, i.e. for some sympectomor- 
phism <I> of T*X such that <I> is identity outside of a compact, we have Li n $(^2) = 0. Let 
Fj € Vl-^X). Theorem 13.11 is equivalent to the statement: for some c > 0, the natural map 
i?hom(Fi,F2) Rhom{Fi,Tc^F2) is zero. 

This statement can be proven as follows. By Theorem 13.91 there exists an object F3 G 'D^(^i^'^{X) 
such that F3 and F2 are isomorphic up-to torsion. Therefore, it suffices to show that the natural 
map 

i?hom(Fi,F3) ^ i?hom(Fi,rc*F3) 

is zero for some c > 0. But Theorem 13. 2 1 asserts that i?hom(Fi, F3) = hom(Fi, TcFj) = 0, whence 
the statement. 

4. NON-DISPACEABILITY OF CERTAIN LAGRANGIAN SUBMANIFOLDS IN CP" 

Consider CP^ with the standard symplectic structure. We have the following standard La- 
grangian subvarieties in CP^: the Clifford torus T C CP^ consisting of all points with homoge- 
neous coordinates {zq : zi : Z2 • • • ■ zjy) such that \zo\ = \zi\ = ■ ■ ■ = \zn\ > 0. Another Lagrangian 
subvariety we will consider is MP^ C CP^. Our main goal is to prove 

Theorem 4.1. 1) T is non- displaceable from itself; 

2) RP^ is non-dispalceable from itself; 

3) T and RP^ are non- displaceable from one another. 
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4.0.12. Let us first of all explain fiow Ttieorem 13.11 can be applied. 

Let G = SU(iV) Realize CP^ as a coadjoint orbit CP^ = O c 0*, where q = su(iV) is tfie Lie 
algebra of G. We identify g with the real vector space of N x N skew-hermitian matrices. We have 
an invariant positive definite inner product on g by the formula < A,B >= —Ti(AB). This way 
we get an identification — 0*. 

The orbit (!) C 0* = is an orbit of the following diagonal skew-hermitian matrix 

iX{Pv - {l/N)I) G 

where A E M, A 7^ is a fixed real number. For simplicity we will only work with A > 0. However, 
the case A < is absolutly similar. 

Consider T*G. We have a diffeomorphism Iji : T*G ^ G x q* where we identify 0* with right- 
invariant forms on G. Any element X G gives rise to a function on fx on 0* . We have a standard 
Poisson structure on 0* determined by the condition {fx,fY} = f[x,Y]- '^^^ canonical projection 

PR : T*G ^ G X Q* —)■ g* is then a Poisson map. 

Let 0°^ be the Lie algebra whose underlying vector space is but [X, Y]gop = —[X, Y]g, We then 
have an identification 1^ : T*G ^ G x (0°^)*, where we identify (0°'')* with left-invariant forms on 
G. The composition IrI£^ : G x (0°?)* ^ G x 0* is as follows: lRl£^{g,A) = (5, Ad*_i (A)). 

Indeed, the conjugate map {IrI^^)* : G x q G x q°"p is given by {lRlj^^)*{g, X) = {g, Ad^-iX). 

Respectively, IlIr^ : G x q* ^ G x (0°?)* is given by /^/^^(s, A) = (5, Ad*A). 

One can easily check that the product pl x PR ■ T*G (0°^)* x 0* is a Poisson map. 

We know that C)°P C 0* is a symplectic leaf, hence a co-isotropic sub-variety. Therefore, so is 
M ■.= Pr^O C T*G. 

Let 0°P C (0*)°P be the image of O C 0* under the identification of vector spaces 0* = (0°^)*. 
We then see that M = p^^O^P = p]^^0. Indeed, we know that lLlR^{g,A) = {g,AdgA) and 
^ G O iff AdgA GO. 

Hence, we have M = {pl ^ P_r)^^(C°^ x O). Given any Poisson fibration f : X ^ Y and a 
coisotropic subvariety N C Y, the subvariety f^^N C X is also co-isotropic. Let n G f~^N and 
let V G Tnf~^N be a co-isotropic vector ( i.e y = Xh where H is a function in a neighborhood of 
n and H\j-ix = 0), we then see that f^:V G Tf^^^)^ is also a co-isotropic vector. 

Let us apply this observation to our case. We see that 0°p x O has only zero co-isotropic vectors. 
Therefore, all co-isotropic vectors in TM are tangent to fibers of the map pi x pR : M — > 0°p x O. 
Comparison of dimensions shows that the inverse is also true: co-isotropic vectors in TM are 
precisely those tangent to the fibers of the map pL x pR. Thus, co-isotropic foliation to M is 
the tangent foliation to pi x pR. We know that this implies an induced symplectic structire on 
Qop map PL xpR is Poisson, it follows that the induced Poisson structure coincides with 

that induced by the inclusion 0°^ x O ^ 0°p x 0. The corresponding symplectic 2 form is equal 
to (— w; u) where uj is Kirillov's symplectic form on O and we use the identification of manifolds 

Let / : M ^ T*G be the inclusion and P = pL x pR : M ^ 0°p x O. It then follows that 

I*L0t*G = -P*<^C'opxC'- 

It follows that if L C x O is a Lagrangian manifold, then so is IP^^L C T*G. 

Another important observation: let H he a function on 0°p x O and let H' be a function on 
T*G such that H'\m = P-^H. 

1) Then the Hamiltonian vector field X}ji is tangent to M; 
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2) given any function / on 0°^ x O we have 

Let e^^H' be the Hamiltonian flow of H' and e^^" the Hamiltonian flow of H. It then follows 
that for any point m G M, Pe^-^m (jn) = e^^" {P{m)). 
These observations imply: 

Proposition 4.2. Let Li,L2 C 0"p x O be subsets such that IP'^ Li, IP'^ L2 C T*G are non- 
displaceable. Then so are Li,L2. 

Proof. Suppose Li and L2 are displaceable. Then there exist functions Hi, . . . , Hk on x O such 
that e^^i • • • e^^fc-Li n L2 = 0. Choose compactly supported functions H[, . . . ,H'j^ on T*G such 
that H[\m = P~^Hi. One then has 

Pe^"'^ ■ ■ ■ e^"'k m = e^"^ ■ ■ ■ e^"k Pm 

for every m £ M. Therefore, 

Ip-^Li n e^"'i ■ ■ ■ e^^^p-^L2 = 0, 

i.e the Lagrangians IP~^Li and IP~^L2 are displaceble, whence the statement □ 

let A C 0°^ X O be the diagonal. A is clearly Lagranginan. 
It then follows that Theorem 14.11 follows from the following one: 

Theorem 4.3. 1) IP^^A and IP^^T x T are non- displaceble; 

2) IP~^A and IP^^RF^ x RP^ are non- displaceable; 

3) IP-IRP^ x MP^ and IP~^T x T are non- displaceable 

4.0.13. We will prove Theorem 14.31 using Theorem 13.11 

Our main tool will be a certain object uq G ^(C) which will be now introduced. 

We need a notation. Let 5 G 'D{G). Let F G D{G). Let m : G x G x R ^ G x M be the map 
induced by the product on G. Set F *g S := Rm\{F M S) (this is nothing else but a convolution). 
One can easily check that F *g S G T>{G) (use Proposition 12. 2p . 

Proposition 4.4. There exists an object uq G ^/p-ia(G') with the following properties: 

1 ) there exists a neigborhood of the unit U C G; e G C/ with the following property: 

for every g £ G and every object F G D{G) such that F is supported on gU and RT{G,F) = 0, 
the object F *g uq is a torsion object; 

2) The object uq is not a torsion object. 

The proof of this Proposition is rather long, so we will flrst show how this Proposition (along 
with Theorem 13. ip implies Theorem 14.31 

4.0.14. 

Lemma 4.5. Let \] <Z q be the standard Cartan subalgebra consisting of the diagonal traceless skew- 
hermitian matrices. Let t := so(iV) C 5u(iV). We then have T = {g/t})* n O; RP^ = (5/^)* n O. 

Proof. The symplectomorphism / : CP^ — > O is as follows. Given a line / G we set /(/) := 
iiyXPi — A/A^/), where A > is a flxed positive real number. Let v = {vi,V2, . . . ,vn) £ l; v ^ 0. 
We then have 

/(Opg = iiX/\v\'^)vpV^ - iX/N6pg, 
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where 5pq is the Kronecker symbol. 

Thus, f{l) G C'n(g/[))* iff /(/)pp = for all p, i.e. |vp|VbP = i.e. I^ip = j^aP = ■■■\vn\'^, 
i.e. I € T. 

Analogously, /(/) G (0/6)* iff f{l)pq £ for all p, g, i.e VpV^ G M for all p, Let 7^ 0. Then 
Vq = tq/v^ioT some G M and for all q. Let t = (ti, t2, • • • , ^Tv) then v = t/v^ and / G RP^ C CP^. 
The inverse can be easily checked as well. □ 

Proposition 4.6. Let T C SU{N) be the subgroup of diagonal matrices and let SO{N) C SU{N) 
be the subgroup of special orthogonal matrices. 
We then have 

1) Kt *g uo S D/p-i(txt)(G'); 

^) ^SO{N) *G Uo G ^7p-i(iRp'VxRP^)(^)- 

Proof. Let us prove 1). First of all, one can easily check that Kt *g uq G 25(G) using Proposition 
12. 2[ It only remains to show that M.^ *g uq is micro supported on the set {{g,t, kuj, k)\k > 0;uj G 
IP-'^T X T}. We have Kt *g uo = Rmi{KT M uo), where miGxGxM^GxMis induced by 
the product on G. Let also M : G x G — > G be the product on G Let gi,g2 G G. We then have an 
induced map 

^91,92* • ^(91,92)'^ X G ^ ^9192 C 

Let (51,52,^1,^2) e GxGxgxg = T(GxG). One then has M^, ,33* (51, 52, ^1, ^2) = Xi+KAg^X2. 
The dual map 



^91,92 • ^9*192*^ ^(91,92)^ ^ ^ 



is as follows 

Finally, the map 



^91,92 = (51,92,^; Ad*^a;). 

<,92,t^^(9.92,t)(G'><^)-7^(k,.,)(GxG 



is given by 

(8) m*g^ g^ t-{gig2,t,uj,k) = {gi, g2,t,uj, Ad*g^uj,k). 

The map m being proper, we know that the object Rm\(KT Kl uq) is microsupported on the set 
of all points of the form 

(9) {gig2,t,(jj,k) 



where 



i.e 



^*gi,g2,ti9^92,t,UJ,k) G SS(IKtKuc)), 



(10) (5i,c^) gSS(IKt); 

(11) {g2,t,Adl^uj,k) gSS{uo). 
We have, 

(12) SS(Kt) C {{g,uji) G G X g*l5 G r;a;i G (g/t)*}; 

(13) SS(no) C {ig,t,ku;2,k)\k>0;{g,u;2) elP-^A}, 
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as follows from Lemma [3. 71 The condition {g,uj2) € IP means that uj2 ^ O and Pl^2 = Pr^2, 
i.e UJ2 = Ad*a;2- 
Therefore 

{gi92,t, uj, k) G SSRm\{KT Kl uq) 

only if (compare pT]) and (fT3|) ): 

(14) A; > 

(15) ^dgi^ = ^'^2, 

where 

(16) a;2 € O 
and 

(17) Ad*g^UJ2 = i02. 

We should also have (compare (fTOll and (fT2]) ): 

(18) gieT 
and 

(19) ^e(s/{))*. 

Let us now show that {gig2,uJ,k) is of the form {gig2, kuj^ , k), where A; > and {gig2,uJ^) G 
IP-^{T X T). The latter means that {Pl x PR){gig2,oJ^) e y. O i.e. both uj^ and Ad*g^g^uj^ 
belong to T = O n (g/f))*. We have A; > (see ([M]). If A; = 0, then uj = Ad*_iA;u;2 = and 
(ffi52;'^;^) = (515250,0), the condition is fulfilled. 

Let now A; > 0. We have u! = A;Ad*_ia;2 (see (fT5]) ) so that uj^ = Ad*_ia;2- 

As UJ2 ^ O (see ([HD), it follows that = Ad*-iW2 G O. We also have ^2 = ^^/k € (g/i))* (see 
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Next, let us consider 

Adl^^y = Ad;^g^Ad;-ia;2 
= Ad*2t^2 = ^2 

(the latter equality comes from (fT7|) . and we have already shown that ll'2 £ O H (g/t)*. 

This proves the statement 1). The statement 2) can be proven in precisely the same way. □ 

4.1. Our goal is to prove the following statements 

Proposition 4.7. The object ]Kt *g G T){G) is isomorphic up to torsion to the object uq ®k 
H*{T, K). 

Proposition 4.8. Suppose that M. is a field of characteristic 2. The object K^q^^) *g uq G T)[G) 
is isomorphic up-to torsion to uq ®kH*{SO{N),'K). 
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4.1.1. These Propositions imply Theorem 14.31 Let K have characteristic 2 and let each of objects 
Fi and F2 be either *g '^o or Kgo(Ar) *g uq- Taking into account Proposition 14.61 and Theorem 
13.11 it suffices to show that for any c > 0, the induced map i?hom(Fi,F2) -Rhom(Fi; rc=KF2) 
does not vanish (for all choices of Fi and F2)- By virtue of the just formulated Propositions, this 
follows from uo being non-torsion which is promised in Proposition 14.41 Thus, Theorem 14.31 is now 
reduced to Propositions 14.41 14. 7^ and 14.81 We will first deduced the last two Propositions from the 
first one, and, finally, we will prove Proposition 14.41 

4.1.2. In order to prove Propositions 14.7 1 and 14.8] we need to develop corollaries from Proposition 

sail). 

Let Cjj be the full subcategory of D{G) generated by all objects F as in Proposition 14.41 1) and 
their finite extensions. 

Lemma 4.9. let Q := [0,1]^^, M > 0. Let it : Q ^ G be any continuous map. Let F S D(Q), 
RT{Q, F) = 0. Then Rtt^F € Cu- 

Proof. The case M = is obvious. Let M > 0. Let Qq := [0,1/2] x [0,1]*^"^ and let Qi = 

[i/2,i]x[o,ir-^ 

1) We will first prove that F can he obtained by a finite number of extensions from objects 
Xi, X2, ■ ■ ■ , Xm, where each Xi is supported on either Qq or Qi and RT(Q,Xi) = 0. Call such 
objects and their extensions admissible. Thus, we are to show that F is admissible. 

Let / := Qi f] Q2. Let ik '■ Qk Q and i : / — > Q be inclusions. Realize F as a complex of 
soft sheaves on Q Let := F\gi^ and Fj := F\f. Each of these objects is also a complex of soft 
sheaves. 

We then have an isomorphism 

F Cone{iuFi ^2*^2 i^Fj) 

Let Pk ■ Qk ^ pt and : / — > pt be the natural projections. Let Vk := Pk*Fk = Pk\Fk', let 
Vi := pi^Fj = pnFj. Vk and Vj are just complexes of K-vector spaces. We then have maps 

flfc : Pk^^k Fk] ai : pJ^Vj Fj; 

bk ■ ik*Pk^^k ii*p'i^Vi 
We then have the following commutative diagram of complexes of sheaves 

iuFi® 12* F2 ^ ii*Fi 

ai©a2 

iuPl Vi © ^2*^2 ^2 ^ ii*Pi Vi 

Let ^> be the total complex of this diagram. $ can be obtained by successive extensions from 
the following objects 

Cone(4^,p^Vfe ik*Fk); 

Cone{ij^pJ^Vi ii^Fj); 

each of these objects is admissible. Hence ^ is admissible. 
Next, we have a natural map 

^ Cone{iup]^^Vi © 42*^2 'ii*Pj^Vi) 
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The cone of this map is quasi-isomrophic to F. Thus, in order to show that F is admissible, it 
suffices to show that 

Cone(ii*pj^^Pi ©i2*P2 ii*P]^yi) 

is admissible. 

Let us study the arrow iuPi^Vi © i2*P2^V2 ii*Pj^yi- This arrow is induced by the natural 
maps Vi — > Vi and V2 — > V/. The cone of the induced map / : © V2 — * V/ is quasi-isomorphic to 
RT{Q, F) = 0. Therefore, / is a quasi-isomorphism and we have an induced quasi- isomorphism 

Cone(ii*p^ Vi © i2*P2^V2 ii*pJ^{Vi © V2)) Cone{iupY^Vi © i2*P2^V2 ii*pJ^Vi). 

The object on the left hand side is isomorphic to 

Cone{ii^p^^Vi ii*pJ^Vi) © Cone(z2*P2 — »• ii*Pj^Vi). 

We see that this object is a direct sum of admissible objects, hence is itself admissible, therefore 
the object 

Cone(ii*p|f ^Vi © i2*P2 ^^2 ii*Pj^Vi) 

is also admissible, whence the statement. 

2) Choose a positive integer M and subdivide Q into 2^ small cubes, denote these small cubes 
by Qi, « = 1, ■ ■ ■ 2^. Call an object X G D{Q) M-admissible if either 

a) X is supported on one of and RT{Q, X) = or b) X can be obtained from objects as in a) 
by a finite number of extensions. 

By repeatedly applying the statement from 1) we see that every object F G F>{Q) such that 
RT{Q, F) = is M-admissible. 

3) For M large enough one has: for every i there exists Qi e G such that 7r(qi) C giU. This 
implies that given any object X G D{Q) supported on and satisfying RV{Q,X) = 0, one has 
Rtt\X G Cu- Therefore, every M-admissible object is in Cu, including F. □ 

Corollary 4.10. Let U be a neighborhood of unit in G such that U is diffeomorphic to an open 
ball. Then Cu = C , where C C D{G) is the full subcategory formed by finite extensions of objects 
of the form RmX, where tt : Q ^ G, X e D{Q), Rr{Q, X) = 0. 

Corollary 4.11. Let F e C and X G D{G). One then has F*GXeC;X*GFeC. 

Proof. Choose a small open ball U E G, e e U, small means that there exists another open ball 

V C G such that U ■ U C V . It is not hard to see that any X G D{G) can be realized as a finite 
extension of objects Xi, where each Xj is supported on giU for some U. Without loss of generality, 
one then can assume that X = X^. Therefore, X *g F is supported on giU^ C giV. One also sees 
that RT{G, X*gF) = RT{G, X) ® RT{G, F) = 0. Thus, X *g F e Cy. 

The case of F *g X can be proven in a similar way. □ 

4.1.3. Call a map f : F ^ H in D{G) a C-isomorphism if the cone of / is in C. Call two objects 
F,H € L){G) C -isomorphic if they can be joined by a chain of C-isomorphisms. 

Corollary 4.12. if Fi and F2 are C -isomorphic and Hi and H2 are C -isomorphic, then Fi *g Hi 
and F2 *G H2 are C -isomorphic 
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4.1.4. We have 



Claim 4.13. // F and H are C -isomorphic, then F *g uq and H *g uq are isomoprhic up-to 
torsion 



Proof. Indeed, C = Cjj, where U is the same as in Proposition 
diately from part 1) of this Proposition. 



The statement follows imme- 

□ 



4.2. Proof of Proposition 14.71 Let Sk C SU(A^) be the one-parametric subgroup consisting of 
all matrices of the form diag(l, 1, . . . , e*"^; e"*"^, !,...,!), where e**^ is at the k-th. position. We then 

have T = S1S2 ■ ■ ■ Sn-V, = ^Si *G ^82 *G ■ ■ ■ *G ^Sn-i- 
It is clear that the statement of Proposition follows from 

Lemma 4.14. For any k, K^^^ is C -isomorphic to Kg © ]fCe[— 1] 



Indeed, Corollary [4.121 will then imply that is C-isomorphic to (Kg © ]Ke[-l])*^~^ 
H'{T,K). Therefore, by Claim HH the objects ICr * uq and (ICe ®w. H*{T,K))) * uq ■ 
H'iTjM.) are isomorphic up-to torsion. 

It now remains to prove Lemma 



UO ©K 



4.2.1. Proof of Lemma 4-M\ As all subgroups are conjugated in G, it suffices to prove Lemma 
for Si. One then has Si C SU(2) C SU(iV), where the embedding SU(2) C SU(iV) is induced by 
the standard decomposition = © C^~^. Let U be an open neighborhood of unit in SU(A^) 
and let U' := U n SU(2). Let l : SU(2) C SU(A^) be the inclusion. It is clear that i^Cu' C Cu, 
hence if two objects Fi,F2 £ -D(SU(2)) are C-isomorphic, then so are i^:Fi and i*F2. Therefore, in 
order to prove Lemma, it suffices to show that and Ke©Ke[— 1] viewed as objects of D(SU(2)) 
are C-isomorphic. 

Let B C 5u(2) consist of all matrices of the form iM, where M is a Hermitian matrix whose 
eigenvalues has absolute value of at most tt. Let B^^ C B he the subset of all matrices iM, where 
the eigenvalues of M are precisely tt and —tt. It is clear the B is diffeomorphic to a 3-dimensional 
closed ball and Bj^ C B is the boundary 2-sphere. 

Let I : [—tt; tt] — > i? be given by 1(0) = idiag((/); —(/>). 

We then have a diagram 



-tt;tt] 



B 



«2 



SU(2) 





a2 


as 


. fcl 







where 22 is induced by the exponential map su(2) — >■ SU(2); ai,/ci,a2,a3 are obvious inclusions; k-^ 
is the projection. We then have 

(20) = Cone(i?(i2n)!lK[_^;_^] © asiIK-/ i?(i2nai)!lK{_,r,7r})- 

The arrow in this equation is induced by natural maps 

a : R{i2ii)\K[_^._^] R{i2iiai)\K^_^^^y) 

and 

(3 : as\K^i R{i2iiai)\K{^^^^y = R{a3k3ki)iK{^^^^y 
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where a is induced by the natural map 

induced by the embedding {— 7r,7r} C [— vr, vr]. 
The map /3 is induced by the natural map 

We have a C-isomorphism 

Therefore the object in (|2U|) is C-isomorhic to 

(21) Cone{Ri2\KB K.j "^S^ R{i2iiai)iK{^^^^}) 

where ai = 07. 

The map ai : Ri2\^B -R(^2^iOi)!l^{-7r,7r} can be factored as 

Ri2\KB R{i2a2)\^B^ Rii2kai)\^{-Tr,TT}- 

Observe that = CP^ and that R{i2a2)\KB, = H*{B^,K) (E>k^-i- Next R{i2iiai)\K{_^^^} = 
©K_/. The map R{i20-2)\^BTr ^ R{'i'2ho-i)\^{-Tr,Tr} factors as 

R{i2a2)iKB, = asiIK-/ (»k H*{CF^) ^ ayK.j ^ a3]{K_j K.j) = R{i2iiai)iK{_^^^y 

. Thus we see that ai factors as ai = (3u. It is well known that in this case we have a quasi- 
isomorphism 

Cone(ai © /3) = Cone(0 (3). 

meaning that the object in ([2T]) is isomorphic to Ri2\^B 0lC_/[— 1] (because Cone(/3) = 1]). 

Let e : G S be the zero matrix, one then has a C-isomorphism Ri2\^B Ri2\£\^o = ^e- 
Analogously, by choosing a point 0' € B^^, one gets a C-isomorphism Ri2\^B ~^ Therefore, 
the object in ()2ip is C-isomorhic to ICe ©lC_/[— 1] and ]K_/ is C-isomorphic with Kg (via Ri2\^B)- 
Thus, the object in ([2T]) . hence Ks-^ is C-isomorphic to Kg © Ke[— 1]. Lemma is proven. 

4.3. Proof of Proposition 14.81 . In this subsection we fix char K = 2. 
We have standard embeddings 

S0(2) c S0(3) c • • • C • • • SO(A^) C SU(iV) 

where the embedding SO(A;) C SO(A^) is induced by the embedding M.^ ^ M^; {xi,X2, ■ ■ ■ ,Xk) 1— 

(X1,X2, . . . ,Xk,0, . . . ,0). 

We will prove the following statement. 

Lemma 4.15. The sheaf M.go{k) £ D{SU{N)) is C-isomorphic to ^so{k-i) ®^SO{k-i)['^ ~ k], for 
all k>2. 

It is clear that this Lemma implies the Proposition. Let us now prove Lemma 

4.3.1. We have an embedding SO(fc) C SU(A;) C SU(A^) and, in the same way as in the proof 
of Lemma [4.141 it suffices to prove that ]Kgo(fc) is C-isomorphic to ]Kso(A;-i) If^so(fc-i)[l ~ k] in 
D{S\J{k)). 
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4.3.2. Let M := SU(A;)/SO(A; - 1), let 11 : SU(fc) ^ M be the canonical projection. 

For any smooth manifold Y Let C(Y) C D(Y) be the full subcategory formed by finite extensions 
of objects of the form Rp\X where p : Q —>■ Y is a continuos map, Q = [0, 1]*^, M > 0, X G D{Q); 
RT{Q,X) = 0. 

Lemma 4.16. If F (£ C{M), then U'^F £ C{SU{k)). 

Proof. Let p : Q ^ M he a. continuous map. n is a locally trivial fibration with fiber '&0{k — 1), 
let Hq : SU(A;) Xm Q ^ Q he, the pull-back of this fibration with respect to the map p : Q ^ M. 
The fibration Uq is trivial, hence we have a homeomorphism 

S0(A:-1) xQ^SU(A;) XmQ- 

We then have natural maps 

TT : SO(A; - 1) X Q ^ SU(A:) xm Q S\J{k); 

Let q' : SO(A; - 1) x Q ^ SO{k - 1), q : SO{k - 1) x Q ^ Q, be projections. Let X G D{Q), 
RT{Q,X) = 0. We then have n'^RpiX = Rmq-^X. 
Let us cover 

n 

S0{k-1) = |JQ„ 

i=l 

where each Qi C SO(A; — 1) is a closed subset homeomorphic to a cube. One then can represent 
the sheaf ]Ksu(A:-i) (actually any object of D{S\J{k — 1)) as a finite extension formed by objects 
Yi G D{S\J{k — 1)) such that each Yi is supported on Qj. for some k. Let Zi € D{Qi.), Zi = I^Iq;. . 
The object q~^X is then a finite extension of objects of the form 

q~^X®{q'y^Y^ 

Let TTi : Qi^ X Q ^ SO{k — 1) x Q ^ S\J{k) be the through map. Let qi : Qi^ x Q ^ Q, 
Pi ■ Qk X Q ^ Qk be projections. 

We then have RiT\q~^X is a finite extension formed by objects 

Rniiq-^X iq'y^Y^ = R'mM'^ X ® p-^ Zi) G C(SU(A:)). 
Therefore, 'n~^RTT\X G C(SU(A;)), whence the statement. □ 

4.3.3. We have an identification SO{k) /SO{k — 1) = . We have the natural map = 
SO(A;)/SO(A; - 1) ^ SU(A:)/SO(A: - 1) = M. 

This map is an embedding; denote the image of this embedding S C M. Let e G S^~^ be the 
image of the unit of SO(/c). Fix the standard basis (e^, e^, . . . , e^) in M'^. Then gets identified 
with the unit sphere in M*^ and e = e^. The point e determines a point on S, to be also denoted by 
e. 

Lemma |4. 161 implies that Lemma l4.15l follows from the following statement: 
Lemma 4.17. The object IK^ is C{M)- equivalent to Kg © Ke[l — k]. 

Proof. As was explained above, S is identified with the unit sphere in M'^. Let V C he an 
orthogonal complement to Cfc. Let us denote e := and e = —e. Let B C V he the ball of radius 
vr. We have a surjective map P : B ^ S: \et f = (pn (z B, where < (p < ir and n (z B. Set 
P[(j)n) = cos{(j))e + sin((/>)n. It follows that P is 1-to 1 on the interior of B and that P takes the 
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boundary of B to the point e E S. Let c : B ^ S ^ M he the through map Let dB C B he the 
boundary. We have a commutative diagram 



(22) B 



M 



fo 



dB 

One has 

(23) Ks = Conc{RaKB © liK^ ^ nRp^KaB), 

where /o = a © /3; the map a : Rc\Kb l\Rp\Kqb = iJcii^^K^^ is induced by the canonical map 

Kb i*KQB, 

and the map 



is induced by the canonical map 



P : t\Ke — >■ L\Rp\ii 

le Rp*KdB = Rp\M.dB- 



Let M -.B^ SO(/c) as follows: 

— M{(l)n) is identity on any vector which is orthogonal to both n and e; 
— M{(pn)e = cos((?!))e + sm{(j))n; 
— M{(j)n)n = — sm{(p)e + cos{(p)n. 
One then sees that the composition 



-l)pr 



{e-in)/V2i 



sm ae— cos am) 



B ^ SO{k) ^ S 

equals P : B ^ S. Thus, P = JIM. One can also rewrite: 

Mic^n) = I + {e'f - l)pr(,+,„)/^ + (e^ 

where pr is the orthognal projector. 
For < a < 7r/4, set 

H{a, <t)n)=I+ {e'^ - 1) P{cos ae+i sin an) + (e" 

One sees that: 

H : [0,7r/4] xB^ SU(/c); 



//(a, 0) = /; 
IJ,{a, vrn) G SO(A;); 
n{Tr/4,4>n) = M{(j)n); 
IJ,{a, Trn)e = — e. 

Let f : [0;7r/4] x S A SU(A;) ^ M be the through map. It then follows that v{a,im) = e. 
We have a commutative diagram 



(24) 



ko 



B [0;7r/4] x B ^ M 



dB i°[0,7r/4] xdB" 
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Here i{b) = {tt/A, b) for all b e B; io{b) = (tt/A, b) for all b G dB. 
We have c = vi; Trio = P (where p is as in diagram ([22]) ). 
In a way similar to above we can construct a map 

/ : i?MltC[0;^/4]xB © i^M-e ^R'^\^[0;7T/4:]xdB 

The diagram ()24p gives rise to a commutative diagram in D[M): 

fo 



(25) 



Ra 



i\Rp\ 



f 



in which the right vertical arrow is an isomorhism; the left vertical arrow is a direct sum of the 
identity arrow tiKe and the natural arrow 



a : Ri'tM.r, 



Rv\Ri\ 



RoKb. 



^[0;7r/4]x_B 

This diagram defines uniquely a map A : Cone(/) Cone(/o) (because the rightmost arrow in 
diagram (j25|) is an isomorphism) the cone of this map is isomorphic to the cone of the map a. It 
easily follows that Cone(a) G C{M), therefore, A is a C(M)-isomorphism. 

Consider now the diagram (j25p where all ingredients are the same except that the map i : B ^ 
[0;7r/4] X B gets replaced with the map ii : B ^ [0;7r/4] x B, where ii{b) = (0,6). Let us compute 
ci := vii : B — > M. We have 



(26) MO,</'n) = /+(l-e^>r, + (l 

(27) ci((/)n) = P^(0,(/>n). 

We then have a commutative diagram obtained from diagram (j22p by replacement c with ci. 
Hence we have a map 

(28) K 



Cone(i?ci! 



constructed in the same way as the map /o in (j23p . 

In the same way as above one can show that Cone(/i) is C(M)-isomorphic to Cone(/), hence to 
Cone(/o), hence to Ks. 

Let us now work with Cone(/i). 

1) Eq. (j26p and (I27p imply that ci(rn) = ci{—rn) for any rn G i?. Let i?/2 be the quotient of 
B in which b £ B gets identified with —b. Let 5 : B ^ B /2 he the projection. We then have a 
unique map C2 : -B/2 — > M such that ci = 6c2- Let dB/2 is the image of in i?/2. Of course, 
dB = S^-"^ and dB/2 ^ MP*^"^^ We have a natural quotient map 5i : dB -> dB/2. These maps fit 
into the following commutative diagram: 



B 



dB 



Si 



B/2 



dB/2 



M 



pi 



One then can construct an arrow 
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in the same way as above. Similar to above, there exists a natural map 

Cone(/2) ^ Cone(/i) 
whose cone is isomorphic to the cone of the natural map 

(29) Rc2\^B/2 Rc2\RS,Kb- 

Let us show that the cone of this map is in C (M) . 

Indeed, choose a covering dB = IJfeLi ^fc where Ck, and all non-empty intresections of these sets 
are closed sets homeomorphic to the closed disk of the same dimension as dimension of dB and 

Ck n -Ck = 0. 

Consider the set of all multiple non-empty intersections of the sets Ck and denote elements of this 
set by , 6*2 , . . . , C^^ . Each of these sets is homeomorphic to a closed disk of the same dimension 
as dimension of dB and for each C^' n — = 0. 

Let Bk C B he the cones of C^: 

Bk = {rn\0 <r <-iT;ne C'k}. 

It is clear that Bk cover B and that Bk fl —Bk = {0}. 

Let Bk/2 be the images of Bk in B/2. The map 5\bi^ '■ Bk — > Bk/2 is a homeomorophism. It 
follows that is a finite extension of objects, each of them being of the form It then 

suffices to show that the cone of the natural map 

C2\S\Kb^U-B,, = C2\5\6'^Kb^^/2 C2\Kb^^/2 G C(M) 

We have 

5iKB^u-Bk = Si{Cone{KB^®KB^ Kq)) 
= Cone(]KB^/2 Kb,/2 ^ ^o) 
The natural map 5\M.B^u-Bk ~^ is given by the natural map 

(30) Cone(KB,/2 Kb,/2 ^ Kq) ^ IK^./s 
induced by 

Id Id : Kb^/2 Kb^/2 ^ IKb,/2 
Therefore, the cone of the map ()30p is isomorphic to the cone of the natural map 

Denote this cone by F' and let F := F'|b^/2- It follows that RT{Bk/2,F) = 0. Let P : Bk/2 
B/2 — > M be the trough map. Our task is now reduced to showing that RP\F € C(M). This 
follows from the fact that Bk/2 is homeomorphic to a unit cube. 

Thus, the cone of the map (j29p is in C{M), therefore Cone(/i) and Cone(/2) are C{M) isomor- 
phic. 

Let us now study Cone(/2). The map /2 is a direct sum of two maps: one of them is the natural 
map g : Rc2\Mb/2 ~^ L-\{piSi)fMdB = Rc2\ii\Si\MdB and the other is the natural map 

(31) h:K,^ u{pi6i)iK9B 
The map g factors as 

(32) Rc2\^B/2 ^ Rc2\'''l\^dB/2 ~^ Rc2\H\^l\^dB 
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We have i?C2!KaB/2 = i\RpvKQB/2 = H*{dB/2,K) (g>K iiK^; 

Rc2\ii\SiKoB = liRpiKqb = H*{dB;K) 0k t\^e- 

The map / in (j32p is induced by the map 

51 : H*{dB/2;K) H*{dB;K). 

Recall that dB = S^''^; dB/2 = MP''-^ and 6i is the quotient map. As char IfC = 2, it follows that 
the map 5\ factors as 

H*{dB /2;K) ^ IK 3 H*{dB;K), 

where the arrow ni is induced by any embedding pt dB/2 and the arrow n2 is induced by the 
projection dB pt. This means that / = l2h, where 

h : Rc2tKQB/2 ^l^e 

is induced by ni, and 

^2 : IKg ^ Rc2\iiiSnJKQB 

is induced by n2- Let us now consider the map h in ([3T]) . As was explained above, l\{pi6i)\Kqb — 
H* {dB;'K)(SiK'-\^e and the map h is induced by the map K — > H*{dB; K) induced by the projection 
dB pt. That is h = h 

These observations show that the map g = hhdi = hhgi factors through h. This implies that 

Cone(/2) = Cone{g (B h) = Cone(0 /i) = Rc2iKb/2 © Cone(/i) = Rc2\Kb/2 ® L-'Me[^ - k] 

As was explained above, Rc2\^b/2 is C-isomorphic to RoIKb- Let x G dB. We then have natural 
C-isomorphisms 

RoKb RaKo = Ke 

and 

RoKb^ RaKo> = 

hence, RC21M.B/2 is C-isomorphic with both Kg and Kg, as well as with Rc2\M.b/2- 
Thus, 

Rc2iKb/2 © il^ei'^ - k] 

is C-isomorphic with Kg © ]Ke[l — k], hence so is Cone(/2). This proves Lemma □ 

5. Proof of Proposition 14. 4t constructing uq 

The rest of this paper will be devoted to proving Proposition 14. 4[ In this section we will construct 
the object uq- In the subsequent sections we will check it satisfies all the required properties. 

5.1. Constructing uo- Our construction is based on a certain object S G D{Gx f)). This object is 
introduced and studied in the subsequent Sec. [6] It is defined as any object satisfying the conditions 
in Theorem 16. 1[ 

5.1.1. Convolution on f). Let X,Y are manifolds. Let a : X x I) x Y x \) ^ X x Y x t) he given by 
a{x, Ai,y, A2) = (x, y, Ai + A2). Let F G D{X x Ij) and C x D{Y x Ij). Set F *(, C := Rai{F x G). 
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5.1.2. Let L := O n C+. We have L = Aei, where A > 0. 

Let 7l G D{\) X M) be given by 7^ = ()|(+<^_i>>o}. Let JoiGxM^Gxt^xRbe given 
hy h{g,t) = (5,0,t). Set 

uo = -^0"^® *f) 7l)- 

Let us first of aU prove that uq G ^^/p-iaI^*). Using proposition 12.21 it is easy to show that uq 
is in the left orthogonal complement to C<o(G). Let us now estimate SS(nc)). 

Let p3:Gx[)xR— >Gx[);pi:Gxf}x]R^f)xM;p2:Gxf)xR— i-GxMbe the projections. 
One can show that 

uo = Rp2\{Pi^^{{A,t)\t><A,L>} «)P3 

As usual let us identify 

T*{G x{)xM) = Gx{)xIRx0*x[)*xM 

We see that Pi^'^{[A,t)\t><A,L>} is microsupported on the set 

fli := {(5, A, t, 0, -kL; k)\k > 0}. 

The object P2^& is microsupported on the set 

^^2 := {{g,A,t,uj,r],0)}, 

where {g,A,uj,ri) € $7e (See Sec. [5T]for the definition ofJle)- 

One sees that if Cj G % n T*^ ^ ^-^(G x p) x M) and Ci + C2 = 0, then A: = and Ci = 0, hence 
C2 = 0. Therefore, the object 

:= Pi^K{(^A,t)\t><A,L>} ®P3^S 

is microsupported on the set 

:= {{g,A,t,uji +u;2;r]i +uJ2;ki + k2)\{g, A,t,ujj;r]j; kj) G Qj} 

We have 

r23 = {{g,A,t,iO]r] - kL;k)\k > 0; {g,A,uj,r]) e 17} 

Let us now apply Corollarv 13.41 to the projection p2 (so that E = i)). 
Let 

7r:Gx{)xMx0*x[)*xM^GxMxg*x[)*xM. 

Let us find vr($73) We see that 

vr(il3) C {{g, t, 77 — > 0, AdgLU = to; r] = \uj\} =: 

The set is closed. Therefore, SS(i?p2!^) is confined within the set of all points of the form 
{{g, t, uj, k)\{g, t, uj, 0, k) G ^4} Thus \\uj\\ = kL,AdgUj = uj and /c > 0. If A; = 0. then a; = and we 
have (51, t, 0,0) E SS(i?p2!'3/). If A: > 0, then set oj = k(. We then have |C| = L (which means that 
C G O) and AdgC = C- This is the same as to say {g, C) G IP^^O. This proves the statement 



5.2. Proof of Proposition 231 !)• 
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5.2.1. The map Tc : uq Tc^^uq. We will rewrite this map in a way more convenient to us. 
Let c > 0. We then have an obvious map : 7^ — rc*7L; 

The natural map Tc : uq ^ Tc*uo (coming from the fact that uq £ 'D{G)), in terms of the above 
identifications, is given by the map 

which is induced by the map t2- 

Let Ai,A2 ei). For A el) set Ua = {Ai G i)\Ai « A}. Set Va := K^/^ [dim f)] . We then have a 
natural map 

(33) eA-.KA^VA. 
It is defined as follows. Let us identify M^~^ = f), where 

Let A = Yltkfk Upon this identification, Ua = {ixi,X2, . . . ,XN-i)\xk < tk} and Va = Klfc(]K(_oo,tfe) [1]); 
Ka = ^k^tk- The map ca is defined as a product of maps Ek ■ IKj^ — > which represents 

the class of the extension 

Let A G C+, we then have c =< A, L >> because A,Le C+. 

Lemma 5.1. Let A e i) be such that < A,L >= c 
The natural map 

*i, IL ^ Va *^ 7L 

is an isomorphism. 

Proof. Clear □ 

Let now A G C+. Since A,Le C+, it follows that c =< A,L >> 0. We also have a natural 
isomorphism 

Let us combine this isomorphism with that of the Lemma, we will get an isomorhpism 

Va*1l = Tc^lL 
By substituting A = 0, we get an isomorphism 

* 7i - IL- 

Upon these identifications, the map t2 corresponds to a map 

rl : Vb ^ Va 

induced by the inclusion Uq C Ua- 

Thus, the map Tc : — > TcUq is isomorphic to the map 

Io"^(e *(, Vb *f, 7l) *[, Va *i, 1l) 

induced by the natural map t\ : Vq ^ Va- As [) is an abelian Lie group, we can rewrite the above 
map as 

(34) I^^{Vo *[, e *f, 7l) ^ I^\Va *f, © *f, 
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5.2.2. Let *Gxi] denote the convolution on D{G x I)). 

Taking into account the expression (j34p for Tc, the Proposition 14.41 1) can be deduced from the 
following Proposition: 

Proposition 5.2. Let U and F € D[G) he as in Proposition \4-4\ V- Then there exists A G C+ 
such that the natural map 

(35) {F K Fo) *Gx f, e ^ (F K Fa) *Gx f, e 
induced by the map : Vq — > Va, is zero in D[G x fj) 

Thus, Proposition 14.41 1) is now reduced to Proposition 15.21 

5.3. Proof of Proposition 15.21 Let H be any sheaf on f). Let a : f) — > f) be the antipode map. 
We then have i7 *[, S = Rp2\{Pi^a^,H (g) a~^&), where as usual pi:Gxf)xf)^f)is given by 

pi{g,Ai,A2) = Ai; 

and p2 : G X I) X [) ^ G X I) is given by ^2(5, ^1, ^2) = (g, ^2)- Set H'^ := a^:H. We then have 

Rp2i{p^^H'' a-^&) = i?p2!((pr^^") ® (6 *G S)), 
where we have used the isomorphism (j64|) . Next, 

Rp2\{{Pi^ H"") (© *G e)) ^ [Rp\{7T-^H'^ ® e)] *G e, 

where 7r:Gx{)— >pi;p:Gxf)— >G are projections. 
One then has 

Rp^i-K-^H"^ O 6) = Iq^{H *^ 6). 

Let 5a := Iq^^^Va *f) S). We then have a natural map rj' : — > S'a. 
We have Va*^ & = Sa *g S and 

(F K Fa) *Gxf, & = F*G [Sa *g &) = {F *g Sa) *g S 

The map [35] is then induced by the map r^. 
Thus, Proposition 15.21 is now reduced to 

Proposition 5.3. There exist: a neighborhood U C G of the unit e (z G and A € (7+ such that the 
natural map 

F *G So F *G Sa 

induced by rj* is zero for any F € D{G) which is supported on gU for some g G G and satisfies 
RT{G,F) = 0. 

Proof. We have a natural map ^ Va, as in ()33p . Hence, we have an induced map 

(36) Io\Ka *t, 6) ^ Iq\Va *„ S) =: Sa- 

One sees that this map is actually an isomorphism. Indeed, one can easily show that for any object 
F e D{G X f)) such that SS(F) C T*G x f) x C+ C T*G x T*\), the map 

I^\^a*^F)^I^\Va*^F) 

induced by the map (I33p . is an isomorphism, and S is of this type by virtue of Theorem 16.11 
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One also sees that Iq^{Ka *(, e) = IZ\6, where I-a ■ G ^ G x I); I^a9 = {G, -A). Taking into 
account (j36p . we obtain an isomorphism 

Sa = IZ\6. 

Let us choose a small A, j4 >> 0. 
As was shown in the course of proving Theorem 16. H for 0<<A<<6we have 

Sa = IZ\6 = ^^. 
where Ua = {e^|||X|| << A} C G. We also know that So = Kg. 

Without loss of generality one can assume that for some A G C+; A « b, U C Ua/io- Let h 
so that h = e^, where \\X\\ « A/W. We have (F *g SA)\gh = RTci{ghr-^\r G Ua}; F)[diiaG]. 
It follows that gU C {ghr~^\r G Ua} (Indeed, let gh' G gll so that h' = e^', ||X'|| << A/10. We 
have h' = hr'^, r = {h'Y^h. By Lemma HOll r = e^, where \\Z\\ < \\ - X'\\ + \\X\\ « A. So 
r ^Ua)- Therefore, {F *g SA)\gh = R^{gU, F)[dimG] =0. Thus, F *g' 5^1 is supported away from 
gU. But F *G So = F is supported on gU. Therefore, i?hom(F *g So', F *g Sa) = which proves 
the statement. □ 

Thus, we have proven Proposition 14.41 1). The rest of the paper is devoted to proving the second 
part of the Proposition. 

5.4. Recall that we have a sheaf 7l := ^{[A,t)\t+<A,L»o} on t) x W. Let t : M — t) x R be given 
by = (0, t). We have a natural isomorphism 

lK[o,oo][-dimf)] = t-jL 

hence a natural map 

(37) ]Kox[o,oo)[-dimf)] jl- 
This map induces a map 

(38) /o-^(6 *(,Kox[o,oo))[-dimf)] ^Kj-i^^^^^^^ = uq 
where /q : G x M ^ G x x M, /o(5'i *) = (5, 0, t) Next, one has 

/o-i(6 *^ Kox[o,oo)) = ^0 ^%,oo) 
where io '■ G ^ G x \], io{g) = {g, 0). We know that ^6 = IKg, thus we have an isomoprhism 

Io^{& *f) IJ^Ox[0,oo)) = lf^ex[0,oo) 

The map (|38p then can be rewritten as: 

(39) [o,oo] [- dim i)] uq 
Proposition 5.4. Let <I> G 'DcxoiG) The natural map 

homG'xM('"ci; ^) i?homGxR(IK(e,o)[- dim [}];$) 
induced by the map i39\) is an isomorphism. 
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Proof. We have 

UO = RP2\{P3'^'3 Pi'^^{{A,t)\t>{A,L)}); 

= -RP2!(P3^© <»Pr^If^Ox[0,oo)) 
where pi : G x t) x M. ^ t) x R; p2 : G x t) x R ^ G x M.; : G x tj x M. ^ G x l) are projections. 
Let X e L»(f) X M). We then have 

Rhom{Rp2\{p^^& ® Pi^X); ^>) 
= i?hom(p3 ^6 (g)pj;^X;p^^>) 
= Rhom{p]^^X] KHom{p^^6-,p2^) 

(40) = i?homf,xM(X;flpi,i?Hom(p3i6;p2«'))- 

Let us estimate the microsupport of the sheaf 

Rpu i?Hom (pg ^&;p2^). 
We know that SS(©) C {ig,A,uj, \u;\) e G x [) x q* x {)*}. Therefore, 

SS(p3^6) C ni := {{g,A,t,uJi, |wi|,0)} cGx[)xMx0*x[)*xM. 

Analogously, 

SS(p2$) cn2 = {{g,A,t,kuj,0,k)\k >0,LoeO} 

One sees that if (g, A,t,uji,rii, ki) S and uj2 = i^i,?72 = = ^2, then = /ci = k2, hence 

UJ2 = iOi = 0; also = r/2 = r/i- Therefore, 

SS(i?Hom(p3 ^©;p^$)) C J^s := {{g,A,t,uj2 -uji;r]2 -?/i;/c2 - A;i)|(5, A, Wj, ryi, /cj) G fij} 

= {(5, A, t, fcu — — A;)|A; > 0;uj E O} 
As the map pi is proper, one has 

SS{RpuRBom{p^^6;P2'^)) C := {{A,t,7], k)\3g £ G : {g, A,t,0,r], k) £ ^3}. 
We see that 

Q4 = {{A, t, -A;|u;|, A;)} = {{A, t, -kL, k)}. 

Let TT : [) X M ^ R; -7t{A, t) = t- < A, L >. It then follows that RpuRHmn{p^^ 6; P2^) is locally 
constant along the fibers of vr i.e. there exists a sheaf L on R such that 

i?pi*i?Hom(p3 ^©;p^$) = vr'r 

Taking into account (I40h the statement is reduced to showing that the natural map 

iihom(,xR(IK{(^_t)|t><^^i>};7r'r) i?hom(,xi;(IKox[o,oo); tt'L) 

is an isomorphism for any sheaf T E L'(M). This is equivalent to showing that the map 

i^mlKox [0,00) [- dim {)] RTT\Ki^(A,t)\t><A,L>} 

induced by the map (I37p is an isomorphism, which is easy. □ 
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It then follows that for all c € M, we have an isomorphism 

Rhom{uo;Tc^uo) = i? hom(]Kex [0,00) [- dim f)]; Tc^uo) 
Let i : M ^ G X M; i{t) = (e, t). We then have 

iihom(]Kex[o,oo);7'c*'Uci) = Rhom{K[o ,^y,i-Tc^uo). 

One sees that the submanifold C GxM is non-characteristic for Tc^uq (because SS{TcitUo) C 
{{g,t,kuj,k),k > 0;a; E O}). Therefore, according to Proposition II I.O.IH we have an isomorphism 

i~^Tc^uo[- dim G] = i'Tc^uo- 

Thus, we have an isomorphism 

p : Rh.om{uo;Tc^uo) = -Rhom(IK[o^oo)[~ dim [)]; i^^Tc=Knc)[— dim G]) 
For c > the natual maps 

Rhom{uci;uo) — > RIwui^uq^Tc^uo) 

and 

i?hom(]K[o^oo)[~ dim f)]; i^^uo[— dimG]) — > i? hom(]fC[o^oo) [~ dim i)];i^^Tc^.uo[— dim G]) 

commute with our isomorphism. 
Proposition (j4.4p 2) reduces to 

Proposition 5.5. For any c > 0, the natural map 

(41) i?hom(IfC[o^oo)[~ dim dimG]) — > i2hom(]K[o^oo) [~ dim [)]; i^^Tcnc)[— dim G]) 
is non-zero 

5.4.1. Let / : [) ^ G X () be given by I{A) = {e,A). Let Se := /'S = /-^©[-dimG]. We then 
have 

(42) i-\o = Io\Se *(, 7L)[dimG] 

This equation dictates us to find an explicit expression for Se- It turns out to be more convenient 
to work with a slightly different object. Namely, let Z C G be the center of G. Let Iz:Zx[)^Gxf) 
be the obvious embedding. Set S := 1^6 = /2^®[~dimG]. We will identify this object up-to an 
isomorphism. 

5.5. Identifying S. We will now give an explicit description of the object <S up-to isomorphism. 
The proof of this result will be given in the subsequent sections of the paper. 

5.5.1. Object y. We first define an object y G D{Z x f)) as follows. Let L C f) be the lattice 
consisting of all yl € f) such that e"^ € Z. 

For a subset J C {1, 2, . . . , — 1} and / € L let K{J, I) C e'' x t) c Z x h he defined as follows: 

K{J,l) := {(e',x) G Z X {)[Vj e J :< x - l,ej >> 0}. 

Let V{J,l) := Kx(j^i)[D{l)], where D{1) is an integer defined in (j7.5.5p . That is, decompose / = 
/feCfc, where e^, e^, . . . , e" is a basis in t) as in ([96|) . Then D{1) = ^ hDk, where Dk = k{N — k) 
and iV = dimf) -Fl. Let Lj = G L[Vf ^ J :< IJj >< 0} Let := V{J,l). 

Let Ji C J2. Construct a map 

Ij,j, : ^-^i ^ 
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It is defined as the direct sum of the natural maps 

V{Ji,l)^V{J2,l) 

for alH G L C Ljj. These maps come from the closed embeddings K{J2,l) C K{Ji,l). 

Let Subsets be the poset (hence the category) of all subsets of{l,2,...,A^ — 1}. We then see that 
^' is a functor from Subsets to the category of sheaves on Z x f). We then construct the standard 
complex 3^* such that 

(43) y'':= 

l,\l\=k 

and the differential : y'' y^^'^ is given by 

(44) 4 = E(-l)'^(^^'^^)/jiJ„ 

where the sum is taken over all pairs Ji C J2 such that | Ji| = k and IJ2I = A; + 1. The set J2\Ji 
then consists of a single element e and cr(Ji J2) is defined as the number of elements in J2 which 
are less than e. 

5.5.2. Object S. Let / C {1, 2, . . . , — 1} be a subset. Denote e/ := ^ Cj G f). Let also G{I) be a 

graded vector space as in Lemma E21 

For any / G 1), let : Z X [) ^ Z X be the shift by /: Ti{z, A) := {z, A + 1) 

Theorem 5.6. We have an isomoprhism 

(45) 5^0 Gi[D{-27rei)] ® r„2.e,*3^, 

Proof of this theorem is obtained as a result of a study of the obect S in Sec. [6]- [D 
Given this description of S, we can now compute i~^uc)- 

5.6. Computing i^^ua. Let O be the orbit of L G q*, where L = Aei, A > 0. For each z G Z, let 
us define objects Vz G D(M) by the formula: 

(46) V, := ]IC[<,,^>.^)[I)(0-dimf)], 

ieL^;Vi^l:</,/j><0 

where := {/ G Lje' = z}. For every d > we have natural maps : — > T^^Vz, where Td is 
the shift by d. The map is induced by the obvious maps 

Theorem 5.7. 1) We have an isomrophism 

(47) r^uo = Gi[D{-2TTei)] r<_2.e„L>*V,2.e, [dimG] 

2) The natural map i~^uci — > i^^Td^uo is induced by the maps Td- 

Proof. Let = {/ G L; e' = c}. Let = L'^ n Lj. Let y^ G D(l)); 3^c = y\cxt,- 
It follows from (|45|) and (j42|) that we have an isomorphism 

i'^uo ^^Gi[D{-2TTei)](^lQ\T-2^ej*y\extj*i)lL)[dimG]. 
I 
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Let Uz ■= Iq ^y\zxt) *t) IL- We then have 

= -^o'M^e^'r^/ *f) ^<-27re/,L>*7L] 

= ^<-27rej,L>*Wg27rej , 

where for a real number t, wc define a map : G x R — G X R to be the shift along R by 
whereas for ^ G f), T4 is the shift by A along I) in G x f). 
We then have an isomorphism 

(48) i-^uo = Gi[D{-2T^ei)] ® T<_2,re„L>*Z^e2-/ [dimG] 

I 

One also sees that the natural map 

i~^uo — >■ i~^Td*uo 

for d > corresponds under this isomorphism to the natural map induced by the maps 

(49) Td-.Uc-^ TdMc, 

in turn induced by the natural map T^^^l coming from the embedding 

{{t,A)\t >-< A,L> +d} C {{t,A)\t >- <A,L>} 

(we have 7l = ]K{t>_<^^i>} and Td*.-iL = "^{(t,A)\t>-<A,L>+d}))- 
Let us compute Uz for z S Z. We will actually see that Uz — Vz- 

Lemma 5.8. We have /o"^((^(<^> Ole'xf)) *i) 1l) = for all J 7^ {1}. 

Proof. Let V'{J,l) := ^(J, Ole'xf,- 

We have 71, = ^{[A,t)\t+<A,L»o}- The inequality t+ < A,L >> is equivalent to t/X+ < 
A, ei >> 0. Set T = t/\. Then our statement can be reformulated as: 

V'{J,l) *f, K|(^,r)|T+<A,ei>>0} = RPl{iV'{J,l)^KK)(^K{^A,T)\T><A,e-,>}) = 0, 

where P : f) x R ^ M is the projection. This is equivalent to showing that for any T G R, 

RTcit); V'{J, I) ® ^{A^^T>{A,e,)}) = 0. 
Let Xj : i) —>■ R; xj =< A, ej >. We then have 

V'iJ,l) ® K{^e„|T><Aei>} = ^sm)], 

where S = {A £ t)\xi{A) <T;\/j eJ: Xj{A) > Xj{l)}. 

Suppose there exists j £ J, j 1. Decompose f) = M./j x E, where E is the span of all /j, 
i ^ j (recall that fj form the basis dual to ei, 62, . . . , sn-i)- Thus, i) = R x E. Then ]IC5[£)(/)] = 
IK[o,oo) ^ A for some A e D{E). Let tt : ^ ^ be the projection. Then R'k\Ks[D{1)\ = 
because i?re(R, IKp^oo)) = 0. If J = 0, then S = {A e i)\xi{A) < T}. It is easy to see that 
Rrc{i),Ks[D{l)]) = 0. This exhausts all subsets J ^ {!}. □ 

It now follows that /o"^(*"^ *f) 1l) = for all J + {1} Therefore, we have an isomorphism 

Uz = Io\^z *t, 7L)[dimG] ^ /o~'(*i'^ *(, 7L)[-l][dimG] 



= © /o"n^({l};0).*(,7L][-l][dimG], 



where the subscript z hear and below means the restriction onto z x f) C Z x f). Let us compute 

^^\y{{^\^)z *f)7L] = ^^!(]K(A,t);xi(A)>a;i(0 ®^{{Af)\\x^{A)<i])\D{l)\, 

where P:[)x]R— i-ZxMis the projection. We have 

= RP\{^{{A,t);xx{})<xx{A)<tl\}) = If^[Axi{0,oo)[l - dimf)] 

Thus, 

l^ \ym\l)c H 1l\ = %x.i{0,oo)[l - dim [)] [!)(/)] 
Let d> 0. We need to compute the map 

T, : /q-i [^({1}; /), *^ 7l] ^ TdJo' [V{{1}; I), 7l] 

induced by the natural map 

It is easy to see that the map is isomorphic to the natural map 

If^[Axi(z),oo)[l - dim{)] ^ TdJ^^xxi{i),oo)['^ - dim{)] 
= IK[Axi(/)+d,oo)[l-dim[)], 

induced by the embedding 

[Axi(/) + d, oo) C [Axi(/), oo). 

Thus, we have, 

%,^(i),^)}[Z)(0][-dimf)] 
%<z,ei>,oo)P(0-dim[)]. 

«eL^;Vjyi:<«,/j> <0 

Thus, we see that = Vz- It is now straightforward to check that the maps on both sides 
do match □ 



Let us substitute ([M]) into (gT]). We will get 

r^uo = 0G(/) ® !;(/)[- dim f) + dim G], 

where 

V{I)= IK[<z_2.e,,L>;oo)[^a-2vre7)]. 

Let us replace I with I + 27re/. We will get an ultimate formula 
(50) VI = ]K[<,,i>.^)[I?(/)]. 

ZeL0;Vjyi:<«+27re/,/j><0 

The map : i~^uo — > Td^:i^^uo, d < is induced by natural maps '■ vi —> T^^vj which are 
produced by the embeddings T(i[< I, L >; oo)) C [< I, L >; oo). 



44 



5.6.1. Proof of Proposition 15. 5l We have 

Rhom{K[o^^)[-diml)];TaJ-\o[-dimG]) = ^ G{I) ^ Hj{d), 

I 

where 

Hiid) := Rhom{K[o^^y,Td,vj) ^ K[D{1)], 

leSiid) 

and 

Sj{d) := {I G L°[Vj / 1 :< / + 27re/,/j >< 0; < /, L > +(i > 0}. 

The map ()4ip is induced by maps : Hi{0) Hi{d), which are in turn induced by the maps 
Trf : u — > T(i^:V. It is not hard to see that the map : Hj{0) — > Hf{d) is induced by the inclusion 
Si{0) C Si{d). As 5/(0) is not empty, the maps : Hj{0) Hj{d) do not vanish for any d > 0, 
which proves the Proposition. 

6. An object 6 
We will freely use notations from Sec. [TOj 

The object S will be characterized microlocally. Let us first define a subset 
(51) OeGT*(Gxf)) 
which will serve as a microsupport of S. Define 17 g as a set of all points 

{g,A,LO,rj) eGxt)XQxt) = T*iGx^)) 

satisfying: 

^)9(yk{^)) C Vk{uj), that is AdgUJ = to; 

2) det^k.H =e-^<^'='^>; 

3) ry = The notation Vk{Lo) is defined in the beginning of Sec. [lOl see ([97|) . 
Finally, let us denote foi A € I), Ia '■ G ^ G x i) the embedding /a (5) = (g, A). 
We now formulate 

Theorem 6.1. There exists an object 6 G D{G x Pi) such that 

1) SS{e) C fie; 

2) iQ^e = Ke^. 

6.1. Proof of Theorem mH 

6.1.1. Let C/i, C/2 C f) be open convex sets. Let a : [) x f) ^ be addition. The map a induces a 
map Ui XU2 ^ U1 + U2 which is well known to be a trivial smooth fibration whose fiber and base 
are diffeomorphic to f). 

Let Fk € D{G X Uk), k = 1,2. Let M : G x Ui x G x U2 ^ G x Ui x U2 he the map induced by 
the product on G. Set Fi *c F2 ■= -RM(Fi M F2). 

Let a : G X Ui X U2 ^ G X {Ui + U2) be induced by the addition on f). 

Lemma 6.2. Suppose that SS{Fk) C ile H T*(G x C/^). T/ien 1) The natural map 

a-^Ra,{Fi*GF2) ^ Fi*gF2 

is an isomorphism; 

2) SS{Ra,{F^ *G F2)) C ner\T*{G x {Ui + C/2)). 
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Proof. Let us first estimate the microsupport of Fi *q F2 = RM\{Fi M F2). Since the map M is 
proper, we know that a point 

C := ig,Ai,A2,u;,m,m) e G x Ui x U2 x g* x ij* x = T*{G x Ui x U2) 

belongs to S'&RM\{Fi M F2) only if there exist 51,32 G G such that M{gi, Ai,g2, A2) = (5,^1,^2) 
(i.e. g = 5152) and 

M*CI(5i,Ai,,.,A.)GSS(FiKF2). 

We have 

CI (gi.Ai ,92,^2) = (5'i,^i,w,m,52,^2, Ad*j(J,r/2). 
We then have (5(1, ^1, w, 771), (32, ^2, Ad*^L(j, 772) £ ^^s- Therefore, Ad*jLij = and we have 

igk,Ak,uj,r]k) G ^e- 

This implies ryi = 772 = This means that any 1-form in SS(-RM!(Fi M F2)) vanishes on fibers 

of a. This proves part 1). 

Let us now estimate SSRa^:{Fi *g ^2)- We know that C G SSRa^:{Fi *gF2), where C G T*^ ^^(G x 
{Ui + U2)), iff for every point {g, Ai,A2) e G x Ui x U2 such that Ai + A2 = A, we have 

a*Ck9,AuA2) e SS{a-^Ra,{Fi *g F2)). 

Let C = {g, A, uj, r/), then a*C|{g,Ai,A2) — id^ ^i' ^2,^, v)- Using the isomorphism a~^i?a*(Fi *g 
F2) — ^ -^1 *G -^2- and the above estimate for SS(Fi *g F2), we get: there exist 31,52 G G such that 
9 = 9192 and 

{gk,Ak,u;,r]) e ile- 

It remains to show that {gig2,Ai + A2,io,r]) G fig. Indeed, we have rj = \\io\\. Next, Ad*^u = w, 
therefore, Ad^^^^"^ = ^■ 
Finally, 

det gig2\v^{Lu) = detgily^^^) det g2\v^:(uJ) 

g-i<Ai+A2,e^^(^)>^ 

□ 

6.L2. Let b€Cl;b< ei/100. Let := {A e Cl \ - A « b}, where G^ is the interior of the 
positive Weyl chamber and G° = -C+, see Sec. [TOl let C G x V^"; 

W,- :={(e^,A);AGy-;||X|| « -^}. 

Set F- e D(G X y^-); 

F" := K^-[dimG]. 
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6.1.3. We will identify TG = G x q; T*G = G x q* = G x g via identifying g with the space of 
all right invariant vector fields on G and 0* = S with the space of all right invariant 1-forms on G. 
Analogously, we wih identify r(Gx = Gxp)X0x{) andr*(Gxf)) = Gxt}XQ* xt}* == Gxt)XQxi). 

Lemma 6.3. The microsupport of F~ is contained in the set of all points {e^ , A,uJ,ri) € G x V^^^ x 
g* X f}*, where 

1) m\ < -A; 

2) [X,u;]=0; 

3) rrX|v,(^) = -i< A,ed^ >; 

4) V= ll'^ll 

Proof LetU CgxVf^;U = {(X,^)|||X|| « -A}. Let 

exp : s X ^Gx V^-^ 

be the exponential map. We see that exp maps U diffeomorphically onto W^", hence we have an 
induced diffeomorhphism exp : T*U ^ r*W^~. It also follows that F~ = exp^ ]K(/[dimG] and that 
SS(F-) = exp(SSK[/). 

Let us estimate SS(IC(7). U C Q x V^^ is an open convex subset. It follows that a point 
{X,A,uj,r]) G g X V^" x g* x f)* is in the microsupport oiKu iff 1) ||X|| < —A; 
2) for all {X',A') £U,< X\u > + < A',7]> < < X,uj > + < A,7]>. 

Fix A', then X' € g is an arbitrary element such that \\X'\\ « —A. Lemma 1 1 . 1 1 implies that 

sup < X',iv >=< -A'; \\uj\\ > 
Thus, Condition 2) is equivalent to 

(52) < -A', \\uj\\ > + < A',1] >< < X,uj > + < A,r] > 
for ah A' G y^,". Plug A' = A. We wih get 

< -A, \\uj\\ ><< X,uj > . 
On the other hand < X,uj ><< \\X\\, \\uj\\ ><< —A, \\uj\\ >. This implies that 

(53) < -A,\\uj\\ > = < X,uj > . 
According to Lemma llO.l^ for all k, 

l^^lvfeH = -i< Aerf,(^) > . 
Let us plug §21 into §2\). We will get 

< -A', \\uj\\ > + < A' ,r] >< < -A, \uj\ > + < A,ri > 
for all A' G . As ^ G and is open, this is only possible if ry = □ 
Corollary 6.4. We have SS{F-) C J^e n r*(G x Vf^). 
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6.1.4. Let U CG xVfj x Fj, be given by 

U :={{€'', Ai,A2)\\\X\\ « -Ai-A2} 
Lemma 6.5. We have an isomorphism 

F- *G F~ = IK(/[dimG]. 

Proof. Let jui : Ui ^ G x x be an open set defined by Ui = M{W^ x W^). It follows 
that we have an isomorphism 

juA{F' *G F-)\u,)^F-*G F-. 

We have 

Ui = {{e'''e''\Ai,A2)\Ak G Vf; \\Xk\\ « -A^}. 

According to Lemma riU.4[ we have e^^e-^'^ = e^ , where ||y|| < + \\X2\\ << —Ai — A2. Thus 
Ui C U. 

Let ju ■ U ^ G X X be the open embedding. We then have an isomorphism 

(54) jm{{F- *G F-)\u) ^ F- *G F- 

Let us now study F~ *g F~ \u- Let us estimate the microsupport of this object. Similar to proof 
of Lemma 16.21 we see that a point 

(55) {g,Ai,A2,0J,r^i,m) G G x V" x l^" x x f)* x fj* = r*(G x V" x V") 

is in SS(F- *g -F"|c/) iff 

1) (5,^1,^2) GC/; 

2) there exist Xi,X2 G such that g = e^^e^^ and (e^*, ^^,0;,%) G SS(F") for k = 1,2. 
According to Lemma 16.31 we have 

ll-'^fcll < -Ak; 

TxXk\vi(uj) = -i < Auedi > . 

Hence, e^ = e^^e^"^ preserves the spaces Vi{u}). As << + IIX2II < ei/(50A^), it follows 
that all eigenvalues of —iY have absolute value of less than 1/(50A'^). It then follows that Y does 
preserve the spaces Vi{ijj) as well, and Try|vj(^') has absolute value of at most 1/50. 

We also have 

dete^|^,(^) = dete^My^He^^lv^K-) = e-^<^^+^-^''K")>. 
We have | < + ^2,erf;(w) > I < 1/50, therefore, 

(56) Try [v;(^) = -i<Ai+ A2, erf;(^) > . 

Assume uj ^ 0. Then there exists a subspace Vi{uj) which is proper, i.e. < di{uj) < N. On 
the other hand, we have {e^ , Ai, A2) G U, meaning that = , where ||y|| << —Ai — A2. 
We then have ||y'|| < ei/(50iV) which implies Y = Y' and « Ai + A2. This clearly 
contradicts to (|56|) . Therefore, it is impossible that co ^ 0, hence lo = 0. It then follows that 
in ([55]) . T]i = r]2 = \\io\\ = 0. Thus, we have proven that F~ *g F~\u is microsupported on the 
zero-section, hence is locally constant. However, under the exponential map, [/ is a diffeomorphic 
image of an open convex set {{X, j4i, ^2)]^^ G V^"; \\X\\ << — j4i + ^2} C g x Vf^ x V^^ . Therefore, 
U is diffeomorphic to R'^™^ and F~ *g F~ is constant on U. 
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Let Z := RTc{U;F *g F ). We then have a natural isomorphism F *q F \u — Zij[diinU]. 
Because of an isomorphism ()54p , we have an induced isomorphism 

Rr,{U; F- *gF-)^ Rr,{G x V,' x y"; F" *g P-) 
^ RTc{G X Vb; F-) RTdG x Vb] F') 
^!C[-dimG x V^"] «) ]K[- dim G x y-][2dimG] = dirnf/ + dimG]. 
This imphes the statement. □ 

Let a : G X x G x. 2V^ be the addition map. The just proven Lemma as well as 

Lemma 16.21 imply that the natural map a~^i?a*(-F~ *g F~) — > F~ *g F~ is an isomorphism and 
that 

Ra,{F- *G =IK|(,x^^)|^e2y-;||x||«-A}[dimG']. 
We then have an induced isomophism 

(57) L:Ra,F-*GF-\^^y^^^F-. 

6.L5. Let M > and let F]^j £ D{G x (Vf^)^); 

F^ := F' *gF" *G ■■■ *G F~, 

where F~ occurs M times. 

Let qm ■ G X (V^~)^^) —fGx MV^ be the addition map. Lemma 16.21 implies that the natural 
map 



is an isomorphism. 
Let := RaM*F^. 
Let us construct a map 



Rum* Fj^ > Fj^ 



Let W C iy, Y be an open convex subset consisting of all points of the form {vi,V2)-, where 



where M > 2, as follows 

vi + V2(£ Ffe-. Let Wm ■■= {VbY^"'^ d (V^-)^. 
Let us decompose 

otM ■■= aMh^WM ■.GxWm = Gx {V^)^-'' xW^Gx {V^;)^-'' x V, 

"^^i,-^ (M-i)y-. 

It follows that aMiWM) = G x (M — 1)V^~. We have a natural isomorphism 

i?aM*-^MlGx{V;")Af-i = RctM*Fjyj\GxWM — RaM~l*Ra2*F^^\GxWM- 

We have 

Ra'2*Fl.^\GxWM - Fm~2 *g iRa*F~ *g F~\w), 
where a : G x W ^ G x is the addition map. We have an isomorphism (see ([5 

Ra,{F- *gF-\w) = {Ra,{F- ^F 
Hence, we have isomoprhisms 

Ra2*{Fj^l\GxWM) - Fm-1 
hi '■ R'^M*Fjy.j\Q^(^y^^-^M-i — Ra-M-uFj^j^^. 
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Thus, we have objects £ D(G x MV^ ) and isomorhhisms 

^A/ : ^m\(m~i)v,- ^A/-r 

It then follows that there exists an object € D{G x C°) (note that C° = |Jm ^^b~) a-long with 
isomorphisms 

which are compatible with Im in the obvious way. 

Let ^'^ € D(G X C°) be another object endowed with isomorphisms J^^ : ^~|jvfi/~ 
that J^j- are compatible with Im- Then there exists a (non-canonical) isomorphism ^~ ^~ 
which is compatible with the isomorphisms Jm , J'm ■ 

Lemma [Ohnplies that SS(^>^^) C Jle n r*(G x MF"). Therefore, 

SS($~) c ner)T*{G X CI). 

6.1.6. Lemma 16.21 implies that we have an isomorphism 

A~^RA^{^~ *G ^~ *G ^~ 

where ^ : G x C° x C° ^ G x C° is the addition. 

Let us restrict this isomorphism to G x MV^ x . We will then get an isomoprhism 

Thus, we have an isomorphism 

One can easily check that these isomoprhisms are compatible with Im hence, there exists an iso- 
morphism 

J : RA^{<i>^ *G = 
which is compatible with isomorphisms Jm, J'm- Therefore, we have an isomorphism 
(58) I -.^^ *G^' = A'^^- . 

6.1.7. Let € D{G), := ^[e-^\\\x\\<b/2}'-i •= ^^{e^|||x||<<6/2} ["^i™ have an 
isomorphism X~ = ^~ |Gx(-fe/2)- 

Lemma 6.6. We have an isomorphism X^ *g — ^^e- 

Proof. Let us first compute the microsupport of X~ *g'X+. We will prove the following: SS{X~ *g 
X^) is contained in the set of all points of the form {e^ ,00) E G x g* , where Y € g; \\Y\\ < 
(ei + e7v_i)/200, [Y,u;] = and < F,a; >= 0. 

Let us first estimate SS(X~). Let exp : g x G be the exponential map. We then see that 
X^ = exp^ ]K[/[dimG], where U C g is an open convex subset U = {X\\\X\\ « 6/2}. 

We know that SS(]fC[/) consists of all points of the form {X,lo) C g x g*, where ||X|| < 6/2 and 

< X' ,uj > < < X,uj > 

for all X' « 6/2. Lemma 1 1 . 1 1 implies that this is equivalent to < 6/2, \\uj\\ ><< X,uj > (because 

sup < X', w >=< 6/2, ||a;|| >); 

X'«b/2 
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on the other hand 

< X,uj ><< |1V2||, ll^ll > 

by the same Lemma 110.11 Therefore < X,uj >=< ||6/2||, ||a;|| >. As ||X|[ < 6/2 this implies 
[X,u]=0; 

(59) TrX\v,i^)=i<b,ed,i^)> /2. 

As [X,uj] = 0, we see that SS(X~) consists of ah points {e-^ ,uj), where < 6/2 and [X,u>] = 
and we have (j59p . 

Analogously, X^ = exp^KA', where if C g is a convex compact K = {X\\\ — X\\ < 6/2}. 
Therefore, SS(K.i^) consists of all points where |j — < 6/2 and < X' ,u;i >>< Xi,uji > 

for all X' G K. I.e. < —X',uji ><< —Xi,uJi >. In the same way as above, we conclude that 
this is equivalent to < —Xi,uii >=< 6/2, ||c<;i|l > which in turn is equivalent to \\ — ^i|| < 6/2; 
[Xi,uJi]=0; 

(60) TV(-Xi)|y^(^^) = i < 6/2,erf^(^,) > . 

Thus, SS(X+) consists of all points of the form {e^^,u!i), where [Xi,u;i] = 0; || — ^i|| < 6/2 and 
(j60p is the case. Observe that we have || — Xi\\ < ei/200 which means < e7v-i/200. 

We know that the microsupport of X~ *g = Rm\{X~ Kl X^) is contained in the set of all 
points of the form {gig2,u;) where 51, 52 £ G; {gi,u)) S SS(X^); {g2, Ad*g^Lj) € SS(X+). This means 
that SS(X~ *G X^) consists of all points of the form 

(e^e^So;), 

where {e^,uj) G SS{X-) and (e^i,a;) G SS(X+) (because [X,uj] = [Xi,uj] = 0). According 
to Lemma dOl e^e^^ = , where ||y|| < + ||Xi|| < (ei + eAr_i)/200. It follows that 
e^Vk{uj) C Vk{uj) and 

dete^|v',(.)=e^<^/2-V2,IMI> = i, 

see ([59]), dSQ]). As < 6, this implies TtY\y^(^^^ = 0. This in turn implies that < Y,uj >= 0, 
which we wanted. 

Let c := (ei + eAr-i)/200. Let W := {X E g; \\X\\ « 2c}. The exponential map gives rise to 
an open empedding exp : W ^ G. The object X^ *g is supported within exp{W). Consider 
E e D{W); E := exp^^{X~ *g)X+). It suffices to show that E ^ Kq. 

We see that E is microsupported within the set (X, w), where ||X|| < c, [t<-',X] = 0, {u!,X) = 0. 
Let D be the dilation vector field on g. That is I? is a section of Tg = gxg;Z):g^gxg; 
D{X) = {X,X). It then follows that every point {x,uj) G SS(-E) satisfies io^oj) = 0. Let X € g; 
X 7^ 0. Let Rx '■= (M>o.X) n 14^ be an open segment. It then follows that E\pi^ is a constant 
sheaf. However, Rx does necessarily contain points Y G Rx such that ||y|| >> c, meaning that 
E\y = 0, and E\{ijr = 0. Hence E is supported at and it suffices to show that £'[0 — IK. 

We have 

E\q = {X- *G X+)\e = /?r,(G;IC|,x|||x||«6/2} ®I^{e^|||x|l<6/2})[dimG] 

= i?rc(G;]K|eX|||x||«b/2})[dimG] = K, 
because the open set {e"^|||X|| << 6/2} is diffeomorphic to an open ball. □ 
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6.1.8. Let T : C° ^ C° be the shift by -6/2. T{1) = I - 6/2. 

Let us restrict the isomorphism ()58p onto G x V^^ x (—6/2). We will get an isomorphism 

= T-^^~. 

Taking the convolution with and using the previous Lemma, we will get an isomorphism 

(61) ^' ^ (T^^^) *G X+ . 
Let Tm : (C° + M6/2) ^ C° be the shift by -M6/2. Set 

G D{G X (C° +M6/2)). 

We have an isomorphism 

iM : ^M\ci+iM-i)b/2 = T^/_i[(r-i<I>- *G X+) *G {X+Yg-'] 

^ T^^_i((^- *G iX+fo") = 

where on the last step we have used the isomorphism (|6ip . Similar to above, there exists an object 
S G D{G X f)) and isomorphisms G|c_+M6/2 ~^ which are compatible with isomorphisms im- 
Lemma [6.21 readily implies that SS(S) C ile- Let us compute &\gxo- We have G C° — 6/2. 
Therefore, we have an isomorphism 

SIgxO = ^rbxO = ^"lGx-fe/2 *G X+ ^ X- *G X+ ^ K^. 
This proves that the object S satisfies all the conditions of Theorem 16.11 

6.1.9. Uniqueness. 

Theorem 6.7. Let Si, &2 satisfy the conditions of Theorem \6.1[ Then Si and 62 are canonically 
isomorphic. 

Proof. According to Lemma 16.21 (take Ui = U2 = f)), we have an isomorphism 

(62) a-^Ra,{&i*G&2) ^ei*G&2- 

Let /i, /2 : ^ fl X f) be as follows: hiA) = (A, 0); hi^) = (0,^4). aApplying functors 
to ()62p and taking into account the isomorphisms Iq^&i — I^ec ^i^l S^t the following 
isomorphisms 

(63) Ra,{ei *G 62) ^ 62; Ra,{ei *G 62) ^ 61, 

whence an isomorphism Si ^ S2. □ 

From now on we will denote by S any object satisfying Theorem 16.11 (they are all canonically 
isomorphic). 

Equations (f62|) . (i63|) imply that we have an isomorphism 

(64) S *G S ^ 
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6.1.10. One can prove even more general result. Let T C T*{G x t)) consist of all points 
(G, A,cj, ||w||) gGx{)X0X{) = X f)). Of course, C T. Let Cy C D{G x ()) be the full 
subcategory consisting of all objects F microsupported on T. Let io ■ G ^ G x [) he the embedding 
^0(5) = (5)0). We have a functor : Cr — D{G). We also have a functor E : D{G) —> Ct; 
S(F) = F *G © (it is easy to show that SS(F *g S) C T). 

Theorem 6.8. The functors i^"^ anh S are mutually quasi-inverse equivalences. 

Proof. Let F e Cr and consider F *g 6 G D{G x f) x f)). As above, leta:Gxf)x[)^Gxl)be 
the addition. Similar to above, one can show that the natural map 

(65) a~'^Ra4F*G&) ^ F*G& 

is an isomorphism. Let ii,i2:G'xf)— >Gx{)xf)be given by ii{g, A) = {g, A, 0); ^2(5, A) = {g, 0, A). 
In the same spirit as above, we can apply i^^jig^ to (|65p . We will get functorial isomorphisms 

Ra^{F *G&)^F = Id(F), Ra^{F *g S) ^ i^^F *g © = Sig ^F, 

whence an isomorhism of functors Id£)(G) — ^• 

Let us consider the composition in the opposite order: 

io 'S(F) =F*G (Sjcxo) =F*G ^ea = F. 
This way we get an isomorphism \<^D{Gxi)) — "^o ^ 

6.1.11. Lemma. These Lemma will be used in the sequel. Let A G f). Let Ia '■ G ^ G x i) he given 
by lA{g) = {g,A). Let Sa ■= Ia^&- Let Fa : f) ^ f); Ta{Ai) = ^ + Ai be the shift by A. 

Lemma 6.9. We have an isomorphism T^^& = Sa *g ©■ 

Proof Apply the functor I^^ to ([62]). □ 

7. Study of S\zxcz 

We denote by jcz '■ C- ~^ ^ the open embedding. We will denote by the same symbol the 
induced embeddings Z x CI ^ Z x i); G x CI ^ G x ^). 
We start with studying the object j(^o S. 

7.1. Microsupport of j^o S. 

Lemma 7.1. The object is microsupported within the set of points of the form {g,A,uJ,r]) G 

G X C° X Q* X I)* such that there exists an X G g satisfying: 

1) g = e^; 

2) \\X\\ < -A; 

3) \xM = ^; 

4) TrX\v^(^^) = -i< A,edf^ >; 

5) ri = \\iL>\\. 

Proof. As was shown in the proof of Theorem 16.11 we have C° = |J MVi, and 

M 

The object is defined by 

all<^lj ^F- *gF- *G--- *G F- 
53 



(total M copies of F and we use the same notation as in Sec. I6.1[ ) 
The object F~ *q F~ *g • ■ ■ *g F~ (M times) is the same as 

RmiiF-f"^, 

where m : {G x V^~)*^ — > G x (V^~)^^ is induced by the product on G. The map m is proper, 
so we can estimate the microsupport of Rm\{F~)^^ in the standard way. Using Lemma 16.31 we 
conclude that Rm\{F~)^^^ is microsupported within the set of points of the form 

(e^ie^2 • ■ ■ e^«; ^1, ^2, . . . , Am;uj, m,V2,---, Vm), 

where (X^, A^, cj, r/^) G SS(F^) (we use the the equality [Xfc,w] = 0). 

By Lemma [Ol ??i = r/2 = ■ ■ ■ = VM = H"^!!- This implies that the object is microsupported 
within the set of all points of the form 

(e^ie^2 . . . e^M. + ^2 + • • • + Am;uj, \\uj\\), 

where {e^^; Ak]LO] \\lo\\) G SS(F-) for all k. 

Lemma 16.31 savs that = 0. By Lemma llO.51 there exists X G g such that 

= . . . ^Xm . [x, to] = 0; 

TrX|y^(^) = ^TrXfc|y^(<^); 

k 

\\X\\ < i|Xi|l + |lX2|l + --- + |lXM|l 



According to Lemma l6.3^ 

^TVXfc|v,(^) = -i <J2^k;ed, >; 

k k 

^\\X,\\<-Y,A,. 

k k 

This implies the statement. □ 
Using this Lemma we can easily estimate the microsupport of j^lS. 

Proposition 7.2. The object j (JO S is microsupported within the set of all points of the form 
(z; A; 77) C Z X C° x f)*, where there exists B G C- such that 

1) e-^ = z; 

2) B>A (i.e. yk ■.<B-A,ek >> 0); 

3) r] e G+ (i.e. VA; :< r],fk >> 0); if <'n,fk > > 0, then < B - A,ek >= 0. 

Proof Let I : Z X CI ^ G X CI he the embedding. We have j'lS = /-^i^o 6[- dim G]. The 
just proven Lemma implies that j^o& is non-singular with respect to the embedding / (i.e. given 
a point C e SSij^le) where C G T*{G x CI), x G Z x C°, and /*C = 0, one then has C = 0). 

Therefore, the microsupport I^^j^}&[—dimG] consists of all points of the form where 
C G SS(j^le), C G T*{G X CI), xeZxC°_. 

Thus the microsupport is contained in the set of all points of the form 

ie^,A,rj) G Z X G° X [)*, 
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where there exists G g* such that {e ,A,Lo,r]) € SSj^-^o ©. According to the previous Lemma, 
this imphes that ||X|| < —A; \\uj\\ = r/ (so € C-f). 

This means that r/ = i{X^{Lo), X'^{uj), . . . , (lo)), where X^{lo) > X'^{lo) > ■ ■ ■ > X^ (lo) is the 
spectrum of —iuj (with multipUcities). 

It is clear that the flag V,{uj) contains a fc-dimensional subspace iff X^{uj) > X''^^{u>) which is 
the same as < rj, > > 0. 

Denote this fc-dimensional subspace by V^. We then know that XV^ C V'' and TrX|yfc = —i < 
A,ek >• On the other hand we know that 

Tv — iXlyk << ||X||,efc >, 

for any X ^ q. Hence, 

< -A,ek ><< ||^|l,efc > . 

As ||X|| < —A, this means that < —A,ek >=< \\X\\,ek >• 

Let us now set B := — We see that thus defined B satisfies all the conditions. □ 

7.1.1. Let us reformulate the just proven Proposition. 
Let A C C- be a discrete subset. 

Let X{A) C C° X C+ C T*C° consist of all points {A, rf) such that there exists a S G A satisfying: 

1) B>A; 

2) If < r/, /fe > > 0, then < B - A,ek >= 0. 
For z e Z let Sz e D{C°_) be the restriction 

Sz '■= jc°_i^\zxC°J) = S|2xC° • 

Let L~ := {B G C-\e~^ = z}. L~ is an intersection of a discrete lattice in \) with C_, hence is 
itself discrete. 

Proposition 17.21 can be now reformulated as: 

Proposition 7.3. We have SS{Sz) C X{1.~) 

7.2. Sheaves with microsupport of the form A'(A). Fix a discrete subset A C C_. One can 
number elements of A in such a way that A = {mi,m2, ■ ■ ■ ,rnn, • • •} and m„ is a maximum of 
A\{mi, 772-2, • • • , "^n-i} with respect to the partial order on C_. 

For X £ C- we set C C° to consist of all y G C° such that y « x. 

Proposition 7.4. Let F G D{C'i) be micro supported on the set X{h). Then there exists an 
inductive system of objects in D{C°_): 

F = Fq ^ Fi ^ F2 —>■■■■ Fn —>■■■ ■ , 

such that 1) Llim Fn = 0; 
2) We have isomorphisms 

Mn Ok ^u- Cone{Fn-i Fn), 
for certain graded vector spaces Mn- 
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7.2.1. Lemma. 



Lemma 7.5. Let U C V C M" be open convex sets. Let 7 C M"6e an open proper cone. Let 
7° C be the dual closed cone; 7° = {v\ < j,v >> 0}. Suppose that V CU -j. Let F e D{V) 
be such that SS{F) C V x 7°. Then the restriction map RT{V,F) RT{U,F) is an isomorphism 

Proof. Let X C U x V to consists of all pairs {u,v) (z U x V such that v — u —7. 

Let (p : X X (0,1) V; F{u,v) = (1 — t)u + tv. We see that is a smooth fibration with 
contractible fiber of dimension n + 1. Therefore, the object (f)~'^F is microsupported on the set of 
those 1-forms which are (/)-pullbacks of 1-forms in the microsupport of F. Let E := M". Identify 
T*V = V xE*; 

T*{X X (0, 1)) = X X (0, 1) X E* X E* X R. 
We then have SS(F) C F x 7°; 

SS{(P-^F) C {(n, V, t, (1 - tr];<v-u,r] >)}, 

where 77 G 7°. 

Here we have used the formula 

< ri, - t)u + tv) = (1 - t) < r], du > +t < ri, dv > + < r], (v - u) > dt. 

As V — u £ —7, ?7 G 7°, we see that 

SS{cl)~^F) C {{u,v,t,m,V2,k)\k <0}. 

Let S C X X (0,1) be any open subset such that for any (n, v) E X, the set of all t G (0, 1) such 
that (u, v,t) € S is of the form (0, T{u, v)) for some T{u, v) > 0. It then follows that the restriction 
map 

Rr{X,(/)-^F) Rr{S;(l)-^F) 

is an isomorphism. 

Let now S := 4>~^U . It is easy to see that all the conditions are satisfied. It also follows that the 
projection (pu : S ^ U induced by is a smooth fibration with contractible fiber. 
We have a commutative diagram 



(66) 



RT{V,F) 



RT{U,F) 



RT{X X (0, 1); (j)-^F) ^ RT{S; (jj-^F) 

Coming from the Cartesian square 

S ^Xx (0,1) . 



U 



V 



As the fibrations S ^ U and X x (0, 1) ^ ^ have contractible fibers, the vertical arrows in 
(1661) are isomorphisms. So is the low horizontal arrow. Hence the upper vertical arrow is also an 
isomporphism. □ 
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7.2.2. 



Lemma 7.6. We have 

R hom(]Kj^- ; K^- ) ^ K 
ifx<y. Othewise Rhom.(Kjj-;Kjj-) = 0. 

Proof. If X < y, we have an isomorphism 

R hom(K^- ; K^- ) = R hom(K^- ; K^- ) = K 

because U~ is a convex hence contractible set. 

If it is not true that x <y, then x does not belong to the closure of Uy and there exists a convex 
neighborhood of x in () such that W still does not intersect the closure of Uy . Let V := U~nW. 
According to the previous Lemma, we have an isomorphism 

R hom(]Kj^- ; K^- ) R hom(]Kv; K^- ) = 0. 

Indeed, K^^- is microsupported within the set C° x C+. The dual cone to C+ is 7 := {x\x > 0} 
and U- = V -J. □ 

7.2.3. Lemma. Let Ei,E he real finitely-dimensional vector spaces and let U G Ei x E be an open 
convex set. Let 7 C -E* be a closed proper cone such that 7 is the closure of its interior Int7. Let 
6 C E he the dual closed cone. Let x,y € E, y — x G IntJ. Let V C Ei he an open subset such 
that y X ((x + (5) n (y - IntS)) C U. Let H := V x {{x + 6) n {y - IntS)). 

Let us identify T*U = U xE^xE*. Let F G D(U) he such that SS(F) cU xE^x-f. 

Lemma 7.7. We have Rhom{KH; F) = 0. 

Proof. Choose vectors e G Int7 and / G IntS. We have < e, / > > 0. Let := Kere. We have 
E = R.f® E'; E* = R.e {E')*. Let e > 0. Let : E ^ E he given by T^\e' = Id; r£(/) = ef. 
Let (5e := T^6. 

There exists a sequence of points y„ G G (0, 1) such that 

{x + S)r\ {yn - 4„) C (x + 5) n {ym - IntSeJ 

for all n < m and 

(j{x + 5)n {yn - Int^J = (x + (^) n (y - Intc^). 

n 

We then have 

lf^{a;+5)n(2/-Int5) = liH^„]K:(a;+<5)n(2/„-Int5e„) • 

Therefore, it suffices to show that 

i?hom(]Kyx((x+5)n(j/„-int5e„));^) = 0. 

More precisely, given z G e G (0, 1), and any open Wi C V such that the closure of Wi is 
contained in V and {x + 6) (1 {z — Sg) C {x + 6) H {y — Int(5), we will show 

i?hom(]Kvi/ix(x+5n2-int4);^) =0 
It follows that there exists an open convex W2 C E such that Wi x W2 C U and 

{x + 5)n{z-Se) CW2. 

Indeed, let V he the closure of V. Then Vx {{x + 5)r\{z — d£)) C As both sets in this product are 
compact and U is open, there exists a neighborhood W2 of {x + d)n{z — 6^) such that V x W2 C U. 
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There exists z' G (z + Int^) n W2 such that (x + 5) n {z' - 5e) C W2 Let Z := {z' - Int^e) n W2 
so that z ^ Z and for any u e Z, {x + 5) (1 (n — Int^g) C W2 (because {u — Intde) C {z' — Int^e)). 
Let G C W2 X Z he the following locally closed subset: 

G = {{w,u)\w G X + (5 n n - Int(5e}. 

Let p : Wi X W2 X Z ^ Wi X W2 &nd q : Wi X W2 X Z ^ Wi X Z. 
Let ^ := F|^^xW2- 

We will show Rq^'Ham{]\£\YixG',P'^) = 0. by computing microsupports. 
Let us first study SS(Kg), where Kg G D{W2 x Z). 
We have 

where Gi,G2 C x ^, Gi = (x + 5 n M^2) x Z; G2 = {(■u;,M)|iy - u G -Int(5e}. 

We have SS(K.Gi) is contained within the set of all points {w, u, rj, 0) G W2 x Z x E2 x E2, where 
r? G 7. 

Similarly, SS(]Kg2) is contained within the set of all points {w, u, (, —Q, where C S Ji/^ ( 7i/£ := 
Ti/vel is the dual cone to 5e)- 

Therefore, Kg is microsupported within the set of all points of the form 

{w,u,i] + (,-(), 

where w, u, rj, ^ arc as above. 

Hence SS(K^^xg) is contained within the set of all points of the form 

{wi,W2,u,0,r] + C,-C) e Wi X W2 X Z X El X X E^. 

The object is microsupported within the set of all points of the form 

{wi,W2,u, a, K,0) e Wi X W2 X Z X El X E2 X E2, 

where cc G is arbitrary and k ^ Int7. 

It follows that Horn (Kwx x g : P' ^ ) is microsuported within the set of all points of the form 

{wi,W2,u,a,K - r) - C;C), 

where 77, (, k are same as before. 

The map q is proper on the support of Hom fKty, xg: P'^). because the latter is contained within 
the set 

Wi X ((x + (5) n {z' - 4)) X Z, 

and (x + 5) n {z' — 6^) C W2 is compact. Therefore, .Rq^ Hom fKwixr?: r>'^) is contained within the 
set of all points of the form 

{w, u,a,Q X Z X El X E2, 

where a is arbitrary, ( G Ji/e, and there exist k, rj as above, such that k — rj — ( = 0. The latter is 
only possible if C = (otherwise + rj E Int7 because 

7i/e C {0} U Int7. 

Thus, Rq* Hom (KwiY a'-, p'^) is microsupported within the set of all points of the form (w,u, a, 0), 
i.e. is locally constant along Z. There exists a convex open subset Uq C Z, Uq C x — 6. It follows 
that G n (W^2 X Uq) = 0. Therefore, 

Rq*Bmn{KwixG;P'^)\wixUo = 0. 
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This implies that 



because Z is convex, and our object is locahy constant along Z. 
Therefore, 



= Rh.om{Kwixz; Rq*Eoin{^WixG;p'^) 
= Rhom{KwjxG ^ ^WixWiXz',?'^) 
= Rhom{Kw^y,(^+snz-int5,)xz;P'^) 
= i?hom(IECvi/,x(x+5nz-int4); 



as was required. 



□ 



7.2.4. Lemma. 

Lemma 7.8. Let x,y S C-, y > x. Let L^ := {k\ < x,fk >< 0}. There exists k € L^ such that 

< y - x,ek » 0. 

Proof. Assume the contrary, i.e. < y — x,ek >= for all k ^ Ix. Let z = y — x and let Zk =< z, Ck > 
so that Zk = for all k £ Lx. If Z ^ Lx, then zi > and < z, fi >=< y, fi >< 0. On the other hand, 

< z, fi >= 2zi — zi^i — (we set = zat = 0). For / ^ Lx let [a, h] C [1, — 1] be the largest 
interval containing / and not intersecting with Lx. We then have za-i = zb+i = 0; 

> -ZA > ZA- ZA+l > ZA+l - ZA+2 > ■ ■ ■ > ZB >0 

(because for any I ^ Lx, 2zi — zi_i — zi^i < 0). This implies that za = za+i = ■ ■ ■ = zb = 0. Hence, 
zi = for all I, z = 0, and y = x, which contradicts to y > x. □ 

7.2.5. Lemma. 

Lemma 7.9. Let F G D{C1) be such that SS{F) C X{A) and assume that for all I G A, 
RV{U^;F) = 0. Then F = 0. 

Proof. Consider open subsets of C° of the form U fl U~ where U is open and convex and x G C_ . 
These sets form a base of topology of CI. Thus, it suffices to show RT{U (1 [/~; F) = for all such 
U, Ux ■ By Lemma 17.51 we have an isomorphism 



Thus, it suffices to show that RT{U~; F) = for all x. 

Given x G C_, let A^, := {/ G A\l > x}. Let Nx = \Ax\. Let us prove the statement by induction 
with respect to Nx. 

If Nx = 0, then there are no points in X(A) which project to x. Hence x ^ Supp-F. Therefore, 
there exists a convex neighborhood of C/ of x such that F\if = 0. Therefore, we have an isomorphism 



Suppose now that RT(U^ ; F) for all x with Nx < n. Prove that the same is true for all x with 



i?r(C/-;F) ^ RT{Ur\Ux]F). 



RT{Ux ■,F)^RT{Ur\ Ux ; F) = 0. 



Nx < n. Let S C C_ be the set of all points y such that Aj^ = A^.. Let tk ■= sup^g^ < y,ek >. As 



S G C_, tk > 0. Let 



N-l 




k=l 
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Let us show x' G C_. This is equivalent to < j;'; /; >< for all I. We have < x' , fi >= 2 < x' , ei > 
— < x' , e/„i > — < x'; e;+i >. We have 

2 < x', ei >= sup 2 <y,ei >< sup < y, e^-i > + < y, ej+i > 
yes yes 

<< x', e;_i > + < x', ei+i > . 

Thus, x' € C-. It then easily follows that x' G S. 

It is clear that x' > x. Let us show that the restriction map RT{U~,; F) RT{Ux', F) is an 
isomorphism. If x' = x, there is nothing to prove, so assume x' > x. Let / := {tx + (1 — t)x'\0 < 
t < 1}. Let K := {k\ < x' — x,ek >> 0}. Ler U' be a convex neighborhood of in t). Let 
U ■.= ClnU'. We then see that 

1) I + U C C° is convex and open; 

2) For U' small enough the following is true. Given any y G I + U, we have Ay = A^; for any 
/ G Ay and for any k £ K, < I — y,ek >> 0. 

The restriction maps 

RT{U;r,F)^RT{I + U;Fy, 

Rr{U~;F) Rr{x + U; F) 
are isomorphisms by Lemma 17.51 Hence it suffices to show that the restriction map 
(67) Rr{I + U;F) ^ Rr{x + U;F) 

is an isomorphism. 

It follows from the definition of ^(A) that F\j^u is microsupported within the set of all points 
(y, 77) G (/ + [/) X f)* such that < rj, fk >= for all k & K. Hence, < r],x' — x >= 0. This implies 
that that ( [67|) is an isomorphism. 

We can now assume x = x' . By the construction x = x', given any point y G C_, y > x, 
the set Ay is a proper subset of A^^. If x G A there is nothing to prove. Assume x ^ A. Let 
Ix '■= {k\ < X, fk >< 0}. By Lemma [7.8l for any / G A^^ there exists k Ix such that < l—x, » 0. 
It follows that there exists a neighborhood U' of x in C_ such that for all y £ U' , Ay C Ax and for 
all / G Ay there exists k £ Ix such that < I — y,ek >> 0. Let U = U' O C° . It follows that F\u is 
microsupported within the set of all points of the form 

{u,rj) G [/ X [)*, 

where < rj, fk >= for some k £ Ix- 

Let V C [) be the M-span of all fk, k e K. 

It follows that there exists e > such that x + X^^g/^ ifc/fc G U' if for all k G Ix, G [0,e]. 
Indeed, let U' = W (1 C_, where is a neighborhood of x in [). It is clear that for e small enough, 
X + Ylkelx ^kfk £ W. As < X, fk >< for all k G Ix, for all e small enough and for all k' G Ix we 
have: < x + J^kei^ ^kfk, fk' >< 0. If A ^ Ix, then < x + ^lfce/^ tkfk, fx >= Y^kai^ < A' /a >< 0) 
because < fk, fx >< for all k ^ \. Thus, 

x+Y^ tkfk G C_. 
Fix e > as above. There also exists ei > such that 

tkfk + ^ axex G C° 

fce/a; A=l 
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as long as G [0, e] and > ax > —ei. 

Let Ue^ := {x + Y,axex\0 > ax > Si} C f); 

M,:={Y^tkfk\0<tk<e}cV. 

Let A : I) X V ^ I) he the addition map. There exists an open convex neighborhood U G i) x V 
of Ue-^ X Ms such that A{U) C U. Let a : U ^ A{U) d U he the map induced by A. As U is 
convex, a :IA ^ ^(^) is a smooth fibration. Let $ := Oi\F\jt^(pf^). It follows that SS(<I>) consists of 
pull-backs of 1-forms from SS(F). Thus, SS(<I>) is contained in the set of all points of the form 

{A,u,r],K) G f) X V X [)* X V*, 

where (A, u) gU and there exists k G Ix such that < k, fk >= 0. By Lemma \77l\ we have 

i?hom(]fCt;.^xG;^) =0, 

where G = {Y^keK^klklO <tk < e}. 

For L C Ix, let Gl '■= {S/eL^i//|0 < ti < e}. Set G0 := {0}. We have a natural map 

The cone of this map is obtained from sheaves K^^^^xGl; 7^ 0; by means of succesive extensions. 
We also have 

Rhom{Ku,^^G^;^) = Rr{A{Ue, x 

We have 

MUs.xG,)cU;^^^^^^^. 

By Lemma 17.51 the restriction map 

is an isomorphism. As x + J2ieL ^fi > ^ L 7^ 0, we have 
and 

i?hom(ICj/^^xGi;^) = 

for all L 7^ 0. Therefore 

/?hom(Cone(Kc/^^xG ^ Kt/.^ xgJ; = 0. 

Therefore 

= i?hom(]fCt;^^xG0; = ^hom(f/-; F) 

□ 
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7.2.6. Proof of Proposition [7^ Let us construct objects Fn G D^Ct) by induction. Set Fq = F. 
Set Mn :=RT{U~^;Fn-i) and 

Fn := Cone(a„ : M„ (g) K^,- ^ 

where is the natural map. 

We have structure maps i„ : -Fn-i — ^ -^n so that the sheaves Fn form an inductive system. This 
system stabilizes on any compact K C C° because for n large enough, K n = 0. 

Let G := Llim^Fn. It follows that SS(G) C X{A) (because SS(F„) C X(A))." 

Let Un be a neighborhood of m„ in C° such that the closure of Un in C° is compact. We have 

RT{U-^;G) ^ RT{U-^nUn;G) 
- i2r([/~^ n - i2r(C/-^;F^) 

for large enough. 

Let := i?r(C/~^; Fj) As follows from LemmaEU = 5*"''^ for all i > n; also, by construction, 
5"" = 0. Thus = for N >n. Therefore, 

RriUn,^;G) = 

for all n and G = by Lemma 17.91 

Next, Cone(Fn — > is isomorphic to M„ (g) K,.- . This proves the proposition. 

7.3. Invariant definition of the spaces M„. The goal of this section is to define spaces M„ 
from Proposition 17.41 in a more invariant way. 

7.3.1. Lemma. As in the previous Lemma, let x E C_ and let := {A;| < a;, >< 0}. As was 
shown in the previous Lemma, there exists e > such that x + Ylkeix ^^^^ ^ ^ong as all 

tk € [0, e]. Fix such a e > 0. 
Set 

V := V{x, e) := {y € CI |VA: G 4 :<y-x, >G [0, e); V/ ^ 4 :< y - x, e/ >< 0.} 
Lemma 7.10. 1) We have 

i?hom(]Ky;]K^-) ^]K[-|4|]. 

2) Let y E C_. Suppose there exists k G {1,2, ...,A^ — 1} such that either k Ix and < 
y — x,ek >^ [0, e] or k ^ 4 and <y,ek><<x,ek>- Then 

Rhom{Kv;K^-) = 0. 

Proof. For L C 4 set 

For every k G 4 we have a natural map 

Let Ck be the corresponding 2-term complex, we put K,,- into degree 0. 
Consider the complex 

D:=<^Ck 
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We have 



where the sum is taken over all — i-element subsets L of Ix- 

In particular = IK^/- . As V C U^j^^^ is a closed subset, we have a natural map 



This map defines a map of complexes D — > which is a quasi-isomrorphism. Therefore, we have 
an isomorphism 

i?hom(IKv;]K^-) ^ i?hom(Z); Kj^-). 
Let y = X, then, according to Lemma [7^ Rh.om(Kjj~ ',^tt-) = for all L ^ For L = 0, 
we have 

i?hom(K^-;K^-) = K. 

Therefore, we have an isomorphism 

i?hom(D,K^-) ^K[-|4|]. 

Let now y G C_ and A; G J^; be such that < y — x, ek >^ [0, e]. 
Let -Dfc := so that we have D = Dj. ® C^- Le 

(68) D ^ Cone(Dfe (g) K^^- ^ A ® K^^- ), 

where the map is induced by the natural map 

We have 

where the sum is taken over all \Ix \ — i — 1-element subsets L C Ix — {k}. 
Analogously, 



where the sum is taken over all \Ix \ — i-element subsets L C Ix such that k ^ L. 

In view of these identifications, the — i-th degree component of the map in ([68]) is induced by the 
natural maps 

If < y — x,ek >^ [0, e], then these maps induce isomorphism 



Hence, the map in (|68l) induces an isomorphism 
Therefore, 

i?hom(L»,]K^-) = 0, 
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as was stated. 

If there exists k ^ such that < y, > < < x, >, then it fohows that Rhom(Krj~ ; M.y) = 
for all L (because it is not true that x + fi < y). □ 

7.3.2. 

Lemma 7.11. Let I G A. There exists e > such that for any I' £ A, I' ^ I: 

— either there exists k £ Ii such that < I' — l,ek >^ [0, e] 

— or there exists k ^ Ii such that < I' ,ek >« l,ek >■ 

Proof. If there exists k E {1, 2, . . . , — 1} such that < I' — I, >< 0, then one of the conditions 
is satisfied. If such a k does not exist, then I' > I. There are only finitely many G A with this 
property. Hence, the statement follows from Lemma 17.81 □ 

7.3.3. Let mn be a numbering of A as in Proposition 17.41 Let e be as in the proof of the previous 
Lemma. 

Lemma 7.12. Let e' G (0, e). We have 

Mn = Rhom{Kvim^,er^F)[\I^J] 

Proof. Follows from Proposition 17.41 and two previous Lemmas. □ 

7.4. The sheaf iS^. Proposition 17.41 and Lemma 17.121 applies to j^lSz with A = L~. We would 
like to rewrite the expression from Lemma 17.121 in a more convenient way. 
Let X G and / C {1, 2, . . . , A^ - 1}. let W{I, x) C f) be given by 

W{L,x,e) = {y -.yk e I :< y - x,ek >e [0,e);V/c ^ L :< y - x,ek >< 0}. 

For x E C_ and e as in Sec. 17.3.11 we have 

V ■.= V{x,e) = WiI^,x,e)nC°_, 
Set W := W{L^,x,e). Set / := I^. 

For any F € D{1)) we have an induced map of sheaves 

(69) R homf, {Kw ■,F) ^ R homf, (Ky ; F) = i? homc°_ (Ky ; j^o F) . 
Lemma 7.13. Suppose that SS{F) C I) x C+. Then the map i69\} is an isomorphism 

Proof. For z G [) set Uz = {y i)\y « z}. Lemma 17.51 implies that for any z G C_, the restriction 
map 

R hom(IfC[/^ ■,F) ^ R hom{K^- ; F) 

is an isomorphism. 

For k ^ L consider the following 2-term complex 

where we use the notation from proof of Lemma 17.101 Let 

(70) D':=I^C',. 

Similar to D, we have a quasi-isomorphism 

D' Kw 

64 



We also have 

L 

where the sum is taken over all \I\ — i-element subsets of /. We have natural maps Ct C'^ which 
induce maps D ^ D' . The latter map is induced by maps 

According to Lemma [731 the induced map 

R hom(Kc/^^^,^ ■,F) ^ R hom(K^-^^ ; F) 

is an isomorphism for all F such that SS(F) C x C+. This implies the statement. □ 
7.4.1. 

Lemma 7.14. Let F G D{[)) be constant along fibers of projection f) — > f)/M./fc for some k. Then 
for all I C {1, 2, . . . , — 1} such that k ^ I and for all e > 0, we have 

i?hom(IC,y(j_2,_£);F) = 

Proof. Follows easily from the quasi-isomorphism D' ^w{i,x,£)- D 

7.5. Periodicity. Let us get back to the object JqISz- In this case A = L^. There exists e > 
such that the condition of Lemma 17.111 is satisfied for all / € L~. Fix such a e throughout. 
Proposition 17.41 applies to F = Sz- by Lemmas 17. 121 and 1691 we have an isomorphism 

M„ = Rhom{'Kv{mr,,ey^Sz)[-\Im„\\ = R\lOm{'Kw(I^^,mr,,ey,Sz)[-\Ira^\]- 

For z G and / C {1, 2, . . . , A^ - 1} and F G D{\)) 

Ai,z{F) :=Rhora{Kwii,z,ey,F)[\I\] 

Our goal is to prove the following theorem 

Theorem 7.15. For any m G f), any I C {1,2,... , A" — 1} and any k ^ I there exists a quasi- 
isomorphism 

where Dk = 2k{N -k). 

The rest of the current subsection will be devoted to proving this Theorem. 

In the next two subsections we will prove the main auxiliary result towards the proof. 

7.5.1. Sheaves S|Gx-27refe- Recall that 6 G D{G x f)). Let := 6|Gx-27refe5 so that G D(G). 

Lemma 7.16. We have an isomorphism = Kvi/j., where C G is an open subset consisting 
of all points of the form 

Wk = {e-''\\\Y\\ <27Tek}. 
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Proof. As follows from the proof of Theorem l6.1I St. can be constructed as follows. Let us decompose 
-27refc = A1+A2 + ---Am, where Ai G Vj,~. For A £ CI set U{A) C G; U{A) := {e^\X G 
0; ||X|| << —A}. One then has 

Sfc = Kua_^ *g ^Ua^ *G---*G ^Uaj,,j [M dimg] 

Let g (z G. It follows that S^jg 7^ only if there exist G g; << —Ak such that 

5 = e-^^e^^ ■ ■ ■ e-^'^' . According to Lemma |10.4| this implies that g = , where ||y|| << —(^1 + 
■ ■ ■ + Am) = 27refc. Thus, fibers of at any point outside of are zeros. 

Let H := It then suffices to prove that H = IfC[dimg]. 

Let us find SS{H). Observe that the exponential map identifies with {X G 0|||^|| << 27refc}. 
Lemma |7. II implies that {g,Lo) G SS(-ff) only if there exists X £ g such that g = e^; \\X\\ < 27refc, 
[X,(jj] = 0; < ||X|| — 27refc,erf^(^) >= for all r. As g £ U-2TTek a-^id |jX|| < 2-Kek we must have 
||X|| << 27refc, so that < \\X\\ — 27refc,e; >< for all /. This means that lv = 0. 

Thus, H is a constant sheaf. 

Let us now find H\e. We have H\e = Se\-2nek- 

However, as follows from Proposition 17.21 Se is constant in the domain consisting of all A G C_ 
such that there is no Z G Lq , I ^ 0, A > I. Both —Inek and — ei/100 lie in this domain. Thus we 
have an isomorphism 

Se\-2TTek = '5e|-ei/ioo = IK[dimg]. 
This finishes the proof. □ 

Let us compute := i? hom(]Kg-27res. ; S^.). 

Let us choose a small neighborhood U of e~'^'^'^'' in G so that U = {e~-^ e^'^^'^'= \ \\X\\ << b}. Let us 
describe the set Uk ■= U Ci Wk. Let g £ U D Wk. As g e Wk, we have g = where ||y || << 27refc 
which simply means that Xi{Y) < 2Ti{N - k)/N; AAr(y) > -2-Kk/N, where 

\i{Y) > \2{Y) > ■ ■ ■ > \n{Y) 

is the spectrum of a Hermitian matrix Y/i. 

As g £ U, there must exist X, \\X\\ << b such that = e~-^ e~'^'^'^'' , or 

Observe that e^''^* = e'^'^'^/^Id. Therefore, one can number the spectrum of X/i in such a way 
that \^{X) — 2Trk/N — Xj{Y) G 27rZ, j = 1 . . . N . In other words, there exist integers such that 
Xj{Y) = —2'Kk/N + \^{X) + 27rmi, where rrii are integers. 

As -2'Kk/N < Xj{Y) < 2'k{N - k/N) and V{X) are small we see that ruj = or ruj = 1. Since 
Tr(y) = Tr(X) = 0, ^ rrij = k. Since \i{Y) > X2iY) > • ■ ■ , we conclude that mi = • • • = nik = 1; 
ruk+i = mk+2 = • • • ruN = 0. We then see that 

> X\X) > X\X) >■ ■ ■> X''{X); 

X^+^X) >■■■> X^{X) > 0. 

In other words, the set Wk consists of all elements of the form e~'^'^'^''e~^ where||X|| << b and 
X/i has k negative eigenvalues and N — k positive eigenvalues (and no eigenvalues). Let Hk C g 
be an open subset consisting of all matrices A such that A/i has k negaitive and N — k positive 
eigenvalues. It now follows that 

i?homG(IKg-2,refe; Sfc) = i?hom0(]Ko; Kj/Jdimg]). 
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Let M° C M C E C G{k,N) x g be defined as follows: 



E = {{V,X)\XV CV}; 

M = {{V,X)\XV C V;X/i\v > 0;X/i\y± < 0}; 

M° = {{V,X)\XV C V;X/i\v > 0;X/i\y± < 0}. 

It follows that M C E C G{k, N) x g arc closed embeddings and that M° C M is an open 
embedding. The projection tt : ^ g is proper. The natural projection pE ■ E ^ G{k, N) is a 
complex unitary bundle; E = SiS>S(BS-^0S-^, where S is the k-dimensional tautological bundle 

over G{k,N). 

Let j : M° E he the open inclusion. Then kn^ = RttiJiIKm" = RT^tJi^M" ■ Therefore, 
R homg (Ko ; Kh^. [dim g]) = R homg {Kq ; Rir^ji Km° [dim g] ) 

= i?homjw^(7r"-'^]Ko; jiKm" [dimg]) 
Let i : G{k,N) E; i(y) = (V,0) be the zero section. We then have 

R homg (Ko ; Kh^ [dim q\) = R hom^ {i* ^G(k,N) ; j\ [dim g] ) . 

It is easy to see that the natural map 

RhomM{i*KG(k,Ny,j\^M''[dimQ]) i?homM(^*IKG(fc,^r); IKE[dimg]) = RT{G{k, Ny,rKE)[dimQ] 

is a quasi-isomorphism. We have a natural isomorphism vKe = or^; [— dimR where org is the 
sheaf of orientations on E which is canonically trivial on every complex bundle. Thus rA;E[dimg] = 

^(^(^j 7V)[~ dim£' + dimg] = KQ(^i^^]\f^[dimG{k, N)] = Dq(^j. j^^, where Dq(^i.j^^ is the dualizing sheaf 
on G{k,N). Finally we have RT(G{k,Ny,D) ^ H^{G{k,N)-k). Thus we have established 

Proposition 7.17. There is a natural isomorphism 

R— hom(K^-2.efc ; S^) ^ H,G{k, N). 

7.5.2. Let Dfe := dimR G{k, N) = 2k{N - k). Let P G HD^iGik, N)) he the fundamental class. 

According to the previous Proposition, the element (3 defines a map Bk : K^-^-^e^. Sfe[— D^] in 
D{G). Let Ck := ConeSfc. 

Proposition 7.18. The singular support of the sheaf Ck is confined within the set 

{{9,co)\ < \u\,fk >= 0} 

Proof. First, consider the case g ^ e~^'^^'=. 

Then {g,uj) G SS(Cfe) iff {g,u>) G SS(Sfe). The sheaf Sj. is microsupported within the set 

(e^,a;), 

where || — X|| < 27refc and if < to, fj >^ 0, then < || — -^^11,6^ >= 27r < e^, ej > for all j. 

Therefore, it suffices to show that < jj — X||/27r, > < < efc,ejt >. Assume the contrary and 
let 77 := II — X||/27r. Let rji :=< r],ei >; e; =< ek,ei >. Set tjq = rj^ = £0 = en = 0. We have 
<< T], fi >= 2r]i — rji-i — r]l-^-l. Therefore, rji — > r/z+i — r)i. These convexity inequalities imply 

for all I < k; 

m > {N-l)/{N-k)rik, 
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for all I > k. 

If r]k = Efc, these inequalities mean that rji > £i for all /. However, we know that rj < e. Hence, 
7] = e and || — ^|| = 27refc, hence e-^ = e"^'^'^* which is a contradiction. 
Thus, < II — Cfc > < < 27refc, >, therefore, < r/, >= 0. 

Let us now consider the case g = e~^'^^'=. It suffices to consider the restriction T,k\ur]Wk ^ 
the previous theorem. Let V := {X E 0||^| << b} We then have an identification I : V ^ U; 
X I— > e~'^ e~'^'^'^'' . we know that I^^Hk = i?7r*]K7\/o [dimg] |vj. an the map ]fCg-27rej. —>■ is 
induced by a certain map Kq — > i?7r=K]Kjv/° [dimg]. Namely, this map comes from the identification 

hom(]Ko;i?7r*]Kj\/o[dimg]) ^ hom(]KG'(A;,Ar); IKa/o [dimg]) hom(]fCc(fc,Ar); IK£;[dimg]) 

= H4G{k,N)). 

Note that the sheaves Kq and i^vr^KAfo are dilation invariant, so we may study their Fourier-Sato 
transforms. Let us find {R-K^KM-y ■ Let E* ^ E he the dual bundle over G{k,N); let M* C E* 
be the closed cone dual to the open convex cone M° C E. Upon the identification E* = E hy 
means of the scalar product, we identify M* with the set of all pairs {X, V) (z Q x G{k, N) such 
that XV = V and the smallest eigenvalue of X/i\v is greater or equal to the largest eigenvalues of 
X/i\v±. 

Let P : Q X G{k, N) E* be the map dual to n : E ^ g. Let : x G{k, A^) — > g be the 
projection. We then have 

i?7r,]K)^^o = pg^p-^KM* [- dimK E/G{k, N)] 

We then see that 
where Z C g x G{k, N); 

Z = {{X,V)\XV C V;X,,,inX\v > K..X\y^}. 

Thus, i?7r*]KAfo[dimg]V = RpgiKzidim q - dim E/G{k, N)] = RpQiKz[dimG{k, N)]. Next, = 
Kg. The map induces a map of Fourier-Sato transforms: 

: Kg ^ RpglKz 

Let us specify this map. By the conjugacy (since pg is proper), one can instead specify a map 

-^conj : Ps^^S = ^sxGik,N) ^ ■ 

One can show that this map is simply the natural map induced by the closed embedding Z C 
g X G{k,N). 

Let us now consider an open set U C g consisting of all X G g such that Xk{X) > Afc_|_i(X). We 
then see that the projection Z XgU U is a homeomorphism. Therefore, Conei?^|[/ = that is 
ConeS^ = (Conc-B)^ is supported on the complement of U which is precisely the set of all X G g 
such that < ||X||,/fc >= 0. This proves the statement. □ 

7.5.3. Letlei). Let Ti : G x t) ^ G x t) he the shift in /: Ti{g,X) = {g,X + I). We know that 
T^^^S = & \gxI *G & (Lemma 16. 9p . Therefore, the maps Bk induce maps 

(71) B', : K,-2.e, *G 6 ^ *G 6[-Dk] = T:l^e[-Dk], 

where = dim.G{k, N). The previous Proposition implies that 

Corollary 7.19. ConeBy is locally constant on the fibers of the projection G x i] —> G x \]/ fi^. 
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Proof. We have 

ConeBk' = Ck' *g ©• 

Using the previous Proposition as well as Theorem 16.11 one can easily show that 1-forms from 
SS(Cfc' *G S) do vanish on the fibers of the projection G x f) — > G x f)//^. □ 

Let z G Z and restrict (I7ip onto ze~'^'^'^*' G G. We will get a map 

It follows that Cone-B| is also constant along the fibers of the projection f) i)/ fk- 

7.5.4. The map induces a map 

for all / and m. This is the same as a map 

(72) Aj^rnSz —>■ AJ^m-2^Te^.Szg-2^^e^.[—Dk]■ 

Proposition 7.20. If k ^ I, the above map is a quasi-isomorphism. 

Proof. Follows from Lemma l7.14i □ 
Theorem 17.151 now follows directly from the previous Proposition. 

7.5.5. Corollary from Theorem \7.15\ Let u G f), u = 2-KJ2xiei, set D{u) := — Y^x^Dk. 
We then see: 

Corollary 7.21. Let z G Z, m G fl G„. Then there exists an isomorphism 

(73) A™,,„5,^Ao,/„5e[I?(m)]. 

Proof. Follows directly from Theorem 17.151 □ 

7.6. Computing Ao,/5e. Let / := {ji < i2 < ■ ■ ■ < jV}- Let TC{I) be the partial fiag manifold 
with dimensions of the subspaces being ji , j2 , . . . , jV • We will show 

Proposition 7.22. 

Proof. Let h be as in Sec. [H Let Z G C° ; — Z << h. One can choose e so small that Z + a^fk G 
G° if < afc < e. 

For A G set 5a := &\gxA- We have 

Ao,75e = i?hom(,(]K;y(jo,e);5e)[|/|] 

For (5 > 0, let 

M^(/,0,e,5) Cf) 

be the set of all points A such that for all k G I, < A,ek >G [0, e); for all k ^ I, —5 « A, ek >< 0. 

We have a natural map ^w{i,o,£,S) ^w{i,o,£)- Using the complex D' from [70] one can easily 
prove that for any object in D{t)) whose microsupport is contained within i) x G+, in particular, 
for Se, the natural map 

i?homf,(IKvt.(j^0,e);'5e) i?homf,(]K^(j^o,e,5);'5e) 

is an isomorphism. 

One can choose e,5 so small that Z + W{I,0,e,5) CVbHCl. Set W := W{I,0,£,5). 
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By definition, we have: 

Rhom{Kw',Se) 
= /?homGxf,(IKe^IKiy;e). 
We have a endofunctors on D{G x fj): E± : F i— > S±z *g F- The composition 

E+E^{F) = Sz *G S-z *gF = Sz-z *g F = Sq *g F = F 

is isomorphic to the identity (we have use an isomorophism Szi *g Sz2 = Szi+Z2 which follows di- 
rectly from (j64p .l Thus, Ej^E^ = Id; likewise E^E^ = Id, so E± are quasi-inverse autoequivalences 
oi D{G X f)). Hence, we have 

= i?homGxf,(Sz^IKz+iy;e), 
where the last equality follows from Lemma |6.9[ As Z + W C C° fl V^, we have: 

Rhom{Kw;Se) = RhomGx{cinVt){Sz ^'^z+W, &\Gx{cinVt)) 

Let V := C° fl VJ,. As follows from the proof of Theorem 16. 11 we have 

6\gxV = ]K{(eX^„)|||x||«-4[dim5], 

Analogously, Sz ■= {e^|||X|| << -Z}[dim0]. 

Let Vz C g, Vz := {X\\\X\\ « -Z}. Let n C Q x I); 

n := {{X,A)\\\X\\ « -A}. 

We then have 

AiflSe = Rhom,^i,{Kv^mKz+w;^n)[\\I\\] 
Let O be the closure of 17 in g x f). As is an open proper cone, we have 

Kn = RRgm{Ko;K^xt,)- 

Therefore, 

A/,o5e = Rhouig^i^iiKvz M Kz+w) <S) Ko; ]Kgxf,)[|/|] 
Let A := {Vz x {Z + W)) n O so that 

{Kvz ^ Kz+w) ®Ko=Ka. 
Let p : g X f) — > g be the projection. We have IfCgxfi = P'Ksi~ Hence, by the conjugacy, 

(74) A/,o5e = Rhomg{RpiKA;Kg)[- dimi) + \I\]. 

Let X G g and consider 

{RpiKa)\x = Rrc{i);KAnXxt,). 
Let Xfc =< ||X||,efc >; Zk =< Z,ek >■ We see that Ad X x I) is non-empty only if X G Vz, 
i.e. Xk + Zk < for all k. In this case we see that A (1 X x i) consists of all points of the form 
{X, Z + J2k=i tkfk), where < tj, < e for all k e F, -6 < < for all k ^ I; Z^ + tk + Xf, < for 
all k. Let L be the set of all /c G / such that -|- X^ > —£■ One then sees that these conditions 
are equivalent to 

<tk < —Xk — Zk 

for all k ^ L\ 
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for all k G I\L; 



0<tk<e 



-5 <tk < 0. 

for all k ^ I. 

It follows that RTc{i);KAnXxt)) = if L 7^ /. Thus, the object Rp\KA is supported on an open 
subset i?£ C consisting of all points X such that X/. + <Q for all A; ^ / and — e < X^ + < 
for all k & I. 

Let := X (] n A. It follows that the natural map Rp\M.F^ Rp\^A is an isomorphism. 
One also has a natural isomorphism 

RpiKp, =KeA\I\-N + l]=KEA\I\-diml)]. 

We can substitute this into ([7^1 : 

AjfiSe = RhomQ{KE,;Kg) 

which can be rewritten as 

Aj,oSe[\\I\\]=H'{E,), 

because ii^^ C g is an open subset. 

Lemma 7.23. For e > small enough, we get: 

Vy G E,;yi il :< YJi >< 0. 

Proof. We have < Y, fi >=< X + tjfj, fi ><< X, fi > +ti < fi, fi >, because < fi, fj >< for 
all i j. Next, 

<XJi> +ti < fi, fi ><< X, /, > +2e < 
for e small enough. □ 

This implies that for any X ^ Ef, and for every k (z I, we have a well-defined A;-dimensional 
eigenspace space V''{X) spanned by the eigenvectors of X/i with top k eigenvalues. The spaces 
V{X) form a flag from ^£{1). Thus we have a map P : Ee ^ ^^(/); P{X) := V{X). 

Let £ —I- be the vector bundle whose fiber at V* G !FC{I) consists of all unitary matrices 

preserving V* . One can easily check that Eg, d £ \s an open convex subset. Therefore, P induces 
an isomorphism H*(E^) = H*{J^C{I)) so that 

□ 

7.6.1. The sheaf j^l S , up to an isomorphism. Let us combine Proposition 17.41 Corollarv 17.211 and 
Proposition 17.221 We will then get the following statement: 

Proposition 7.24. Let (7 G Z. There exists an inductive system of sheaves on C-: 
such that 

Llim Fn = 0: 
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where the sequence mi,m2, • • • , ?tt.„, . . . consists of all elements ofl^gdC-, each term occuring once. 

It turns out that this Proposition allows us to recover the isomorpism type of j^lSg. 
Let := K^-^^ H*{TC{I-^J)[D{mn)]. 

Lemma 7.25. There exist maps 

in'- Fq 

such that for every n the triangle 

(75) An^ ^Fo^Fn 

n'<n 

is exact. 

Proof. Let us prove the statement by induction in n.For n = 1 we have a natural map ii : — > 
j^oSg = Fq whose cone is Fi; this proves the base. 
Let us now proceed to the incuction step. 

Suppose we have aready constructed an exact triangle as in (j75p for some n. Let us apply to 
this triangle the functor i?hom(^„+i, •). 
We will then get an exact sequence 

(76) R^hom{An+i;jclSg) ^ i2%om(^„+i; F„) ^ hom{An+i; An') . 

n'<.n 

Observe that the last arrow in this sequence is 0: because of Lemma 17.61 and because all the 
spaces Mi are concentrated in the even degrees, therefore, R°'^^'h.om.{Ai, Aj) = for all 

Therefore, the left arrow in (j76p is surjective. Next, we have a map -En+i : ^n+i = Cone(-Fn — > 
Fn+i) — > Fn- Let in+1 ■ An+i — > Sg be the lifting of En+i (which exists precisely because of 
surjectivity of the left arrow in (I76p . It is straigtforward to see that so chosen in+i satisfies the 
conditions □ 

Theorem 7.26. There exists an isomorphism 

A jcl<Sg, 

where Ai := Ku-^ H* {T C{Ii))[D{l)] 

Proof. Indeed, the previous Lemma implies that the map ©„in : ~^ ic^^a isomor- 

phism, whence the statement. □ 



8. i?-SHEAVES 

For a manifold X let Complexesj^^ be the dg-category of complexes of sheaves on X. 

Suppose X is equipped with an action of the monoid L_ . Let : X — > X be the translation by 
/ G L_. In all our examples all T; will be open embeddings. 

Let F G Complexes and / G L__. Set A{1) := Af{1) ■= hom(F, T^'^F). These complexes 
obviously form a L_-graded dg-algebra to be denoted hy A = Ap. 
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Let B be another L_-graded dg-algebra. We define a B-sheaf structure on F as a L_-graded 
dg- algebra homomorphism B ^ Ap. S-sheaves form a triangulated dg-category in the obvious 
way. 

We will only use algebras i? of a special type. Namely, We will assume that: 
— B{1) is concentrated in degrees < —D{1); 

— the cohomology H*{B{1)) is concentrated in degree —D{1) and is one dimensional; 
— one can choose generators bi € H^^^^\B(1)) which are stable under the product induced by 
the product on B. 

Call such a B homotopically standard. 

Let b be a L_-graded dg-algebra defined by setting b{l) = k[D{l)] . Let !;:=!€ k[D{l)]-^(^'> 
be generators. 

We then define the product on b by setting l;lm = l«+m- It follows that we have a unique 
L_-graded dg-algebra homomorphism i? — > b such that the induced map H*{B) — > H*{bi) = b 
sends hi to Ij. 

We call a i?-sheaf F acyclic if it is acyclic as a complex of sheaves on X (i.e. for each x ^ X the 
complex of fibers Fx is acyclic). 

Following p] we can produce the derived dg-category by taking the quotient with respect to the 
full subcategory of acyclic objects. 

However, in our situation one can prove 

Proposition 8.1. The category of B- sheaves has enough injective objects. 

Remark By an injective object we mean any i?-sheaf X such that for any acyclic B-sheaf Z, 
the complex hom(Z, X) is acyclic. 

Proof. Let ^ be a i?-sheaf. Let Pa be another S-sheaf such that Pa '■= HieL- hom(i?(/); rj~^A) 
We then get a 5-structure on Pa and a natural map of i?-sheaves A ^ Pa- Let now A —f A' he a 
termwise injective map in the category of complexes of sheaves on X (we forget the -B-structure) 
such that A' is injective. We then have a termwise injective map of i?-sheaves 

A ^ p{A) ^ Pa' 

One sees that Pa' is injective: given any B- sheaf T on X we have 

]iom{T, Pa') = hom(T, A'), 

where hom on the RHS is in the category of complexes of sheaves on X. As A' is injective, we see 
that hom(T, A') ~ as long as T is acyclic. 

□ 

As we know, in this case, the derived category is equivalent to the full subcategory of injective 
objects. 

We will only need the homotopy category of the derived cateogory of i?-sheaves. Denote this 
category by DBShx- 

Let / : Xi ^ ^2 be a L_-equivariant map We then have a right derived functor of /*: Rf^: : 
DBShxi DBShxi- if we choose the category of injective i?-sheaves on Xi as a model for 
DBSh.x2 then i?/* is given by the termwise application of the functor Similarly, one defines 
functors Rf\, f~^ . One can also define a functor f' as a right afjoint to Rf\, but we won't need this 
functor. 
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Recall that we have a natural map p : B h. This map induces an obvious functor p from 
the category of b-sheaves to the category of i?-sheaves on X and one sees that this map has a right 
adjoint p^,. This functor admits a right derived tt := Rp^, : DBShx DhShx- This functor is an 
equivalence. 

8.0.2. A B-sheaf structure on the sheaves & and S. Let & G D{G x i)) be as in Theorem 16.11 
Choose an injective representative for S, to be denoted by the same symbol S. Define a diagonal 
L_-action on G x f) by setting l.{g,A) := {e^g,A + /). For / £ L_ consider the complex B'{1) := 
homGxf)(®; ^r^®) ^^'^ compute its cohomology: 

H'{B'{1)) = R*hom{&;Ti-^6). 

Let io : G ^ G X I), io{g) = {g, 0). By Theorem (j6.8p we have 

i?'hom(6;rf ^6) = ii* homG(io ^6; ^Tf ^S). 
We know that i^^G = IfCe^. Thus, 

R'homG{6;Tf^6) = i?* homG(]Ke; ^Tf ^6). 

is non-singular along io{G) C Gxf), we have an isomoprphism Iq ^T^ = VqT^ ^(3[dim f)] = 
VqTI S [dim f)] . Thus, 

i?*homG(]Ke;io^rf ^6[dim[)]) = i?* homG(IfCe; ioT; ©[dim I)]) 

= i|5/[dim{)]. 

Here i{e,o); denote embeddings of the points specified into G x f), and, likewise, ii is the 
embedding of the point I into f). 

Theorem [726] implies that H<'^^^\\S^i = and H^^^h\S^i is one dimensional. Indeed, one sees 
that given /' E we have: iJlKj/-^, = dimf)] for all /' > otherwise zJK^/-^, = 0. Therefore, 

/'eL ,,«'>/ 

and the lowest degree contribution comes from H^{TC{Ii))[D{l)] = W[D{1)]. 

Set B{1) := T<_£)(^i)B' (l). It then follows that i? is a homotopically standard L_-graded algebra. 
We thus automatically get a 5-sheaf structure on S. Let /^:Zx{)— >Gxf)be the embedding. 
This embedding is L_-equivariant, where L_ -action on Z x f) is defined by 

Ti{c,A) = {e^c;A + c). 

Hence we get a S-sheaf structure on 5 := /^S (as 6 is injective and Iz is a closed embedding one 
can compute 1^ by taking sections supported onZxfjcGxfj. 
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8.1. A i?-sheaf j^o S on Z x C°. Let jc^ : Z x C° ^ Z x f) be the open embedding. The 
L_-action on Z x f) preserves Z x C° , thus making the embedding jc° to be L_-equivariant. 

We then have a i?-sheaf j^lS. Let p : B ^hhe the canonical map. Let us choose an injective 
model for Rp^S^ to be still denoted by S. 

Let us study the b-structure on j^lS. Let I C {1, 2, . . . , — 1}. Let ei := X^jg/ 

According to Theorem 17.261 we have a map 

Set H{I) := H*{J^C{I)). For / C J we have a tautological projection 

J) ^ ^£(/) 

hence an induced map H{J). Hence H \sa, functor from the poset of subsets of {1, 2, . . . , N— 

1} to the category of graded vector spaces. 

One can show that this functor is actually free, i.e: 

Lemma 8.2. There exist graded vector spaces G{I), where I C {1, 2, . . . , N — l}such that we have 
decompositions 

(77) H{I) = ^G{J), 

Jci 

which are compatible with the structure maps H{Ii) H{l2), Ii C I2 in the obvious way. 

Proof. Let us use Schubert cellular decomposition of partial flag varieties TC{I). Let f C TC[I) 
be the flag such that P C consists of all points (ui, U2, • • • , f at) € such that f ^ = for all 

Let H := GLjv(C). Let P{I) C H he the standard parabolic subgroup, namely the stabilizer of 
f . We have TC{I) = H/P{I). Let C G be the standard Weyl group. For any w G W/W n P{I) 
let [w] G H/P{I) be the image of [w] and let C/^^ := := B.[w] where B C H is the standard 
Borel subgroup of upper-triangular matrices. It is well known that the cells Cw, w G W/W H P{I) 
form a cellular decomposition of !FC{I). We have dimiR C^; = 2Dj{w), where Df{w) is defined as 
follows. Let TTj : {1, 2, . . . , N} {1, 2, . . . , |/|} be defined by letting Tii^k) be the minimal number 
r such that i^ > k. 

In particular, for any M G P{I), we have Mij = as long as 7r/(i) > vr/(j). Let w' G W he any 
representative of w ^ W/W fl P{I). 

One then has that Dj{vu) is equal to the number of all pairs {i,j) such that i,j G {1, 2, . . . , N}, 
i < j and 7:j{w~^{i)) > 7rj{w~^j). 

Thus we have a basis of H^.{TC{I)) labelled by the cells Cy^. Let G H2Di{w)^^{I) be the 
class corresponding to Cw 

We see that the map pij : J^C{I) TC{.J) is cellular. We have pijCw C C^' where w' is the 
image of w G W/W n P{I) in W/W n P{J). One sees that dimC^/ < dimC^. It then follows that 
Pij*Cyj = Cw' is Di{w) = Dj{w'). Otherwise pij*{cw) = 0. 

Let us describe the dual map pjj. Let c^ G H*{TC{I) he the element dual to Cw. Let us identify 
W/W n P{I) with the set of partitions {1, 2, . . . , A} = U A2 U A\j\ where \Ar \ = ir - ir-i 
and we assume io = 0, = A. We have a map Q"^^ : J) — > V{I) defined as follows. Pick t < N. 
Let im = jt-i't i-M = jt- Order At and subdivide it into several subsets, such that the first subset 
consits of the first im+i — im elements of At; the second subset consists of the nextZm+2 — im+i 
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elements of At, etc. This way we get a partition Q'^^A. One sees that Q"^^ = p*jj. For A G V{I) let 
be an equivalence relation on / given by ii h if for all ji < j2, Ji,j2 G [^1)^2], Aj-^ < Aj^. 
Call A € V{I) elementary if ~^ is trivial. One then can set G{I) to be the span of all elementary 
A G V{I). □ 

Let us now consider through maps 

ji : G(/) ® ]K^-2.e,^^- [D{-27rei)] ^ H{I) ®K^.,^,, [D{-2TTei)] ^ j^oS. 

— 2'Kej —27vej — 

Introduce a notation: for Z G L_, set Ui := x f/"; C Z x C°. Denote t// := G{I) ^ 
^e-^^^^i xU-2Tre [-^(~2vre/)]. The b-structure on j^} S gives rise to maps 

TuGj ® b(/) ^ r,,j^i5 ® b(/) ^ Ti,T-^j-^S = j^lS 
for all / G L^. Take the direct sum: 

(78) t : TuGim)] ^ j^lS 

IC{l,2,...,N-l};leh- 

(we have replaced b(/) = k[D{l)]). The sheaf on the LHS has an obvious structure of a b-sheaf and 
the map t is a map of b-sheaves. 

Furthermore the b-sheaf on the LHS splits into a direct sum of b-sheaves 

(79) := Ti.GilDil)] 
thus we have a map of b-sheaves 

(80) t: §^ ^ <S 

/C{l,2,...,Ar-l} 

For future purposes, let us rewrite the definition of S^. We have 

:= TuQim)] 
/eL_ 



Gi[Di-27rej)]®[^Ku^,^^^jD 



= G/[D(-27re7)] 0r_2.e,*[0 ^.m)]] 

zeL_ 

Let 

(81) X:= ^Ku,[Dil)] 

with the obvious b-structure. We then have an isomorphism of b-sheaves: 

(82) ^ Gj[D{-27rei)] ® T_2^ej*^- 



Proposition 8.3. The map I180\} is a quasi-isomorphism. 
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Proof. For any z eZ and any F G D{Z x CI) we set G D{C°_); := F|^xCi- We have induced 
maps 

and it suffices to sfiow tfiat tliese maps are isomorpliisms for all z G Z. We know (Proposition 
ESD that SS(j^o^5^) C X(L^_). One can easily check that §^ G X(L^_) for ah /. As follows from 
Proposition 17.41 and Lemma 17.121 it suffices to show that the induced maps 

(83) R homco (Ky, ^ ; ^ home" (Ky,,, ; S,) 

I 

are isomorphisms for e > small enough and for all x G L^. Let F & D{Z x C°) and x G L_. Set 

A^(F) :=i?hom(]Ky^_^;F|e.). 

Let now F be a b-sheaf on Z x f). The b-structure gives rise to maps 

A,iF) ^ A,+iiF)[-Dil)], 

for all I G L_. Set 5f{x) := Ax{F)[—D{x)]. Introduce a partial order ^ on L_ by setting 
h ^ h if h — h £ IL'„. We see that (5^? is a functor from this poset, viewed as a category, to 
the category of graded K- vector spaces. As follows from Corollary 17.211 and Proposition 17.221 we 
have 6s{l) = H'{!FC[Ii)). Let h ^ h- As follows from the proof of Proposition 17.221 the induced 
map 6s{h) ^sih) is induced by the projection J^C{Ii^) — > TC{Ii^) coming from the embedding 
//^ C It then follows from Lemma 18.21 that 5^, as a functor, is freely generated by subspaces 

(84) G{I) C H*{J^C{I)) = 5s{-2T:ei) 

for an/c{l,2,...,iV-l}. 

One can easily check that (^0^§/ is freely generated by the subspaces 

(85) G{I) = 5§(,)(-2^e/) C 5e,§^(-2vre/). 

The map l preserves the generating supspaces ([8^ . (j85|) . Hence, the maps ([83]) are isomorphisms, 
which proves the Proposition. □ 

8.2. Strict 5-sheaves. Let F be a i?-sheaf on f). Let Vk G B{—ek) be a representative of Uk G 
H^^~^^'> B{—ek)- We then have induced maps 

ak:F^TzlF[D(-eu)] 

induced by Vk- 
Let 

(86) Con/c := Cone a^; 

let Pfc : f) ^ t)/K/fc- We cah F strict if 

1) for all fc, the natural map p^^ Rpk^Coni^ Conj. is an isomorphism in D{^) (that is, Corifc 
is constant along fibers of pk); 

2) F is microsupported on f) x C+ C x f)*. 

Denote the full subcategory of DSShf, consisting of all strict i?-sheaves on f) by DBSlf^^^^^ . 
Analogously, let F be a sheaf on C° . Let us define and Corifc in the same way as above. 
Let Cl/Rfk be the image of C7° under the map CI ^ \} ^ i}/Rfk- Let pk : CI ^ Cl/Rfk be 
the projection. 

77 



As above, let us call F strict if 

1) the natural map p'^^ Rpk^Qouj^ Corij^. is an isomorphism in D(CZ) for all k; 

2) F is microsupported on C° x C+ C C° x i)*. 

Denote the full subcategory of DBShc^ consisting of all strict B-sheaves on Ci by DBSh^^l^'^^. 

Let A G [) and condider a shifted open set C° + A C ^. We then have a notion of a B-sheaf and 
of a strict B-sheaf on C° + A via an identification C° + A = CI via the shift Tx. Hence we have 
categories DBShc°_+x; DBShp%. 



8.2.1. Let A e f) and let jx : + X ^ I) he an open embedding. We then see that the functor 
transforms strict sheaves on f) into strict sheaves on C° + A 

Theorem 8.4. The functor 

il^ : DBShf^ ^ DBShptx 

is an equivalence. 

8.3. Proof of the theorem. 

8.3.1. First reductions. Without loss of generality one can put A = 0. We also set j := jq. 

Let TT : i? ^ b be the projection. As the functor i?7r* is an equivalence, without loss of generality, 
one can assume i? = b. 

Let I <Z {lj2, . . . ,N — l\. Let C(I, [)) C DbSh(j be the full subcategory consisting of all sheaves 
F satisfying: 

1) for all i e I, we have: Conj(F) = 0; 

2) for all i ^ / the natural map p~^Rpi^.F ^ F is an isomorphism. 
It is clear that every object of C(/, f)) is strict. 

Let us define the category C(/, C° ) in a similar way. 

Lemma 8.5. Every strict h-sheaf on C_ (resp. f)) is quasi-isomorphic to a complex of objects from 
UiCiI,i)) (resp. UiC{I,C°_)). 

Proof. We will prove Lemma for strict sheaves on CI. The proof for I) is similar. 
Let us first consider a through map 

let Cj be the image of ttj. 
We also have a through map 

ai : M<o < ei >iei^ i) ^ < fj >j^i) 

Sublemma 8.6. The map aj is an open embedding whose image is the same as the image o/tt/ 

Proof, (of sublemma) It is easy to see that the vectors ^ I; ei\i G / form a basis of f). 

Therefore, the vectors efji E I (more precisely, their images) form a basis of f)/(M < fj >j^i)- Let 
X G C° . Let us expand 

x = Y^ UiCi + bjfj 
iei j^i 



Then pi{x) = ^iei 
We have: for all j ^ /: 



< X, fj >=Ybk< fjjk >< 0. 
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Let J := {1,2,... — and let us decompose J into intervals as follows: J = Ji U J2 U • • • U 
where each Jt = [kt',lt\ , h 1^ h < h+i — 1- Set 6^ = 6^ if /c G Jt; otherwise set 6^ = 0. We then 
have 26* - - < for all k G Jt. Let := b^. - bl_-^. We then know that D^^^ > 
a k,k + 1 e Jt- We then have bk = D\. + ■ ■ ■ + D\. Assume bk > 0. Then -Dj. > (because 
Dl < Dl^, < ... < Di). Hence, < Z^* < Dl^, < ■■■ and < 6* < 6*+, < •■■ < bf^^, = 0. 
Contradiction. Thus, 6^ < for all A;. Therefore, for all k, bk < 0. 

For every i E I we have 

>< X, fi >=ai + Y^ bj < fi, fj > . 

m 

Hence, 

<x,fi> - ^bi< fi, fj >= aj. 
iei 

For i E I, j ^ I, we have i j and < ff, fj >< 0. As 6, < 0, we see that >< x, fj >> Uj. Hence, 
Image (vr^.) C Image (cr^). Let us prove the inverse inclusion. Let g := X^jg/OiCi — b^^j^j fj We 
see that for aj > and < 6 << l,we have g E and TTk{g) = J2iei ^i^i- '-' 

Let Tj := i?<o < ej >iei. 

We then have a surjection Pj : C° ^ F/. It is easy to see that Pj is a trivial bundle whose fiber 
is homeomorphic to R^~^~I^L Let J C I. It follows that we have projections P/j : F/ — > Fj so 
that Pj = Pi J Pi. 

Let F be a strict sheaf on C° . Let Fj := Pj^Pj^F. It is easy to see that Fj is a strict sheaf 

on C°. For J C I we have a natural map Fj Fi. Let Subsets be the poset of all subsets of 
{1,2,...,A^ — 1}; view this subset as a category. We then see that / i-^ F/ is a functor from Subsets 
to the dg category of B-sheaves whose image lies in the full subscategory of strict i?-sheaves. 
For a subset / c{l,2,...,A'^ — 1} consider the standard complex 

KiI,F)= Fj®A*°P(]fC[/\J])[|/\J|] 

J:JCI 

with the standard differential. We then see that 1) K{I,F) is a strict S-sheaf on C° ; 

2) pJ^Rpi^K{I,F) K(I,F) is an isomorphism; 

3) Let J C / and J / I. Then Rpj^K{I, F) = 0. 
2) and 3) imply that 

4) for any J which intersects /, Rpj^K{I, F) = 0. 

Let k E I. Then we know that p'^^ Rpk^CoUk Conjt is an isomorphism. On the other hand, 
4) implies that Rpk*Conk{K{I, F)) = Hence, 

5) ConkK{I, F) =0 for all k^L 

Thus, K{I,F) G C{I,C^), which proves Lemma for C°. The proof for 1) is similar. □ 

8.3.2. It is clear that the functor j-^ takes C{I, ()) to C{I, C° ) for all /. 
We will prove: 

Lemma 8.7. Let X be a h-sheaf on f) and let Y G C(l); /) for some 7 C {1, 2, . . . , A?" — 1}. Then 
the natural map 

RhomDhSht, {X, Y) RhomDhShco_ ij~^X-j~^Y) 

is an isomorphism 
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Proof. We see that j\j X is a b-sheaf on f) and that 

iihoni/jbSheo = R^^omohSh^ {jd'^X;Y). 

We also have a natural map j\j^^X ^ X of b-sheaves on f). Let Z be the cone of this map. The 
statement of the Lemma is equivalent to iJhom^jbsh,, (Z, Y) = 
For every k £ I we have a structure map 

(87) Z^T:l^^Z[Di-2nek)] 

Sublemma 8.8. The natural map 

RhomobSh, {TZ^^,^Z[Di-27rek)];Y) ^ i^hom^b^s {Z; Y) 

is an isomorphism. 

Proof, (of Sublemma) Let W be the cone of the map ([871) . We to show that R homjjbsh,, (W, Y) = 
0. It follows that the structure map W — > TZe^,W[D{—ek)] is homotopy equivalent to 0. 

Choose an injective representative of Y and consider a L_- graded complex H{1) := hom(l^; Tj^^Y). 
This complex is a L_-graded b-bimodule. We also have a L_-graded b-bimodule structure on b . 
We then have 

i?hom£»bSh„ (W, Y) = i?homb — bimod 
Let Rk := 1 (X) l-e^ G b (8) b; = l_e^ 1 € b (8) b. We then see that the action of Rk on H 
is a quasi-isomorphism, whereas the action of is homotopy equivalent to 0. Hence the action 
of Rk — Lk on H is a quasi-isomorphism. The action of Rk — on b is zero. Hence an induced 
action of Rk — Lk on homb-bimod(b; -ff) is simultaneously and an isomorphism, meaning that 
i?homb_bimod(t»; -ff) = 0, whence the statement □ 

Let g = — 27rej. Consider an inductive system of b-sheaves on f): 

Z ^ T-'[D{g)]Z ^ T^g'[D{2g)]Z ^ • • • ^ T-^'[D{ng)]Z ^ • • • 

and let L{Z) be the derived direct limit of this system. We have a natural map Z L{Z). The 
previous Lemma easily implies that the induced map 

hom^bSh^ {L{Z); Y) i2homBbSh^ {Z; Y) 

is an isomorphism. 

It also follows that the natural map 

Rhom{L{Z);Y) Rhom{RpnL{Z); RppY) 

is an isomorphism (because Y is locally constant along fibers of p/). Thus, the statement of our 
Lemma reduces to showing that 

RpvMZ) = 
Let X £ i}i and show that Rp[\L{Z)\x = 0. We have 

RpnL{Z)\, = RT,{pfx;L{Z)\^-iJ 

Let Ux C f); Ux '■= pj^x. By definition, we have 

RT,{pj'x;L{Z)\^-iJ=hm^RT,{Ux+n9-,Z\u^^jD{ng)]) 
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where the spaces RTc{Ux+ng', Z\u^_^_^^g) form an inductive system by means of the structure maps 
Z T-'^Z[D{g)]. Next, we have 

We have maps 

Ux ^ Ux+g * Ux+2g ^ ' ' ' ^ Ux+ng ^ 

induced by the shifts Tg. Let [/ := Un^'ngHf^+ng n C° ). We then have 

Ux+ng n C° C TngU C Ux+ng- 

It fohows that [/ consists of ah vectors v = J2iei + Sj^/ ^^i/?'' '^here 

(88) ^ = X] ^i^i 

is/ 

and for ah I ^ /, 

(89) <J2yjfjJi><^- 

It also follows that the natural maps 

(90) lim^RT, {Ux+ng n CI ■,X\u^^ J [D{ng)) ^ \mi^RV ,{TngU ; X\u^^„^ [D{ng)]) 

is an isomorphism. Indeed, set Z„ := T~g Z\j'^^jj[D{ng)\^ € D{U). The objects Z„ form an 
inductive system. Set C/„ := T~g {Ux+ng H C*-) C f/. We see that Uq C Ui C U2 C ■ ■ ■ and 
Ura Un = U We then see that our inductive systems and their map can be rewritten as 

lim^i?re([/„; Zn) ^ hxa^RT,{U; Z„) 

Let Kn '■= U\Un- We then see that n„-fCn = and that the cone of the above map is isomorphic 

to 

(91) lim^Rrc{Kn;Zn\Kj- 
We see that for each m, the natural map 

RTc{Km; Zm\Km) lim„-^rc(i^„; -^nk„)- 

factors as 

RTc{Km; ZmWm) = lim„>m-^rc(iCm\i^n; -^mk^) ^ lim^i2rc(Kn; ^nk„) 

hence it is 0, which means that the space ()9ip is and the map (j90p is an isomorphism. 
Therefore, our original statement now reduces to showing that 

(92) Cone{RT,{T^gU-X\u^^J - RTc{Ux+ng : X\u^^J) = 

for all n > 0. 

let A := M < fj >j^i- We have an identification 

a: A^Ux+ngi a^^^Xiti + ng + a, 

iei 

where Xj are the same as in ([88l) . Let B C A be an open subset specified by the condition ([89]) . It 
follows that a{B) = TngU. Let Y G D{A), Y := a'^Xlu^^^g- We can rewrite (USD as 

Cone(i2rc(s,y) ^ i?rc(A,y)) 
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Let us estimate the microsupport of Y. We know that SS(X) C f) x C+. Using Proposition 
(jll.Sp one can show that Y is microsupported on the set A x /9*(C+), where P* : i)* ^ A* is dual 
to the embedding (3 : A ^ [); P{fj) = fj. let G A* be the basis dual to f^. One sees that 

Let 7 C A be the dual cone to /3*(C+); 7 = M>o < /j >j0- One can check S + 7 = A. As 
SS(y) C A X the Lemma follows. □ 

It now follows that the functor : DbShf, DbShc-o is conservative (the natural map 
iihom(F, G) i?hom(j~^F; j~^G) is an isomorphism). We only need to check the essential 
surjectivity of It suffices to check that for each I C {1, 2, ... , A^— 1}, the functor : C{I, t}) — > 
C(/,C°) is essentially surjective. Let F E C(/, C°) and consider a b-sheaf G := Rp\Rpi\L{j\F) := 
RpJ^RpnL{j,F)[N - 1 - |/|], where L is the same as in the proof of Lemma. One easily checks 
that j~^G = F. This completes the proof of the theorem. 

8.3.3. Let us check that the b- sheaf S is strict. Indeed, it follows that the structure map 
is induced by the correponding map 

b%.e, ■■ 6 - TZl^e = 6|Gx-2.e, *G © 

which is in turn induced by the map 

as in Proposition 17.181 let := Coneb^. We then get 

Cone6?2.,^ = * S. 

According to Proposition 17. 181 SS(i?fe) C {{g, uj)\ :< ||w||, fk >= 0} Standard computation shows 
that the sheaf -B^ * 6 is microsupported on the set 

{{g,A,u;,rj)\ir],fk)=0} 

meaning that Cone6®27refe = Bf^*6 is constant along the fibers of the projection Gxt) — > Gx{l)/ fj^). 
Hence, Cone5_27refe = ^~^^?27refe constant along the fibers of the projection 

Z X ^ Z X f)//fc 

It then follows that the sheaf strict b-sheaf on C° . We know (see (IHOjl that i^o S = 

®/c{i 2 Af-i}§/Ic°- It then easily follows that each S/ is a strict b-sheaf on C°. Indeed, 

Conebf = 0^ Cone6^^ Let C := Conebf and Cj := Conebf . Let pk : Z x C°_ ^ Z x C°_/fk. One 
then sees that the natural map 

Pk^Rpk*C C 
is isomorphic to the direct sum of natural maps 

Pk^Pk*Ci Ci 

As the map p^^^^Rpk^C ^ C is an isomorphism, so is each of its direct summands, i.e. all maps 
P~k^Pk*Ci Ci are isomorphisms meaning that all sheaves Sj are strict. 

Remark One can also prove that the sheaves §/ are strict directly from the definition (|79p . 
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According to Theorem 18.41 there exist strict b-sheaves on Z x f), to be denoted by 5/ such that 
ij^o Sj = Sj and the sheaves Sj are unique up-to a unique isomorphism. Same theorem imphes that 
we should have an isomorphism 

I 

9. Identifying the sheaf S 

One can check that the b- sheaf X on Z x (7° as in (|8ip is strict. Indeed, this follows from the 
fact that the b- sheaf 50 = G0 (8) <^ is strict, or it can be checked directly. 

It then follows that there exists a strict b-sheaf 3^ on Z x f) such that j^^y = X. As S/ = 

27re/)] ® T^^-Kei*'^-, it then follows that we have an isomorphism Sj = 27re/)] iX) 

2Trej*y which is induced by the obvious isomorphism 

Gl[D{-2Trei)] 1^ T_2nei*'^\{Cl-27Tei) = Gl[D{-2Trei)] <^ T^2nei*y\{Cl-27Tej)- 

Thus, we have an isomorphism 
(93) S = ® Gi[D{-27rei)] ® r__2.e,*3^. 

It now remains to identify the b-sheaf y. 
9.1. Identifying y. 

9.1.1. For a subset J C {1, 2, . . . , - 1} and / G L let K{J, C e' x c Z x /i be defined as 
follows: 

K{J,l) := {{e\x) G Z X f)|Vj € J :< x - l,ej >> 0}. 
Let V{J,l) := Kk(j,i)[D{1)]. Let Lj = {/ G L|Vi ^ J :< IJj >< 0} Let := V{J,l). Let us 

endow ^'■^ with a b-structure. Let A G L_. We have 

T-^K{J,l') = {(e'',x)|Vi G J : e^e'' = e'; < a; + A - e^- >> 0} 

= K{J,l-X). 

Thus, 

r;^V(J,/) = KKij,i-x)m)] = ViJ,l- A)[D(A)]. 
It is clear that if / G Lj, then / + A G Lj. We then can define the map bx '■ ^"^0b(A) -^T-^^-^ 
as a direct sum of maps 

ViJ,l) (^h{X) = ViJ,l)[D{X)] =T-^V{J,l + \). 
Let us now check that are strict b-sheaves. 

Let j ^ J. Then it is clear that '^^ is constant along the fibers of the map pj : Z x f) Zi xt)/ fj. 
Therefore so is the cone of b-ey Let j G J. it is then easy to see that the map b^^. is an 
isomoprhism, whence the statement. 

Let Ji C J2. Construct a map of b-sheaves 

Ij,j, : M/-^^ ^ ^'^^ 
It is defined as the direct sum of the natural maps 

V{Ji,l)^V{J2,l) 
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for all I € Lj^ C Ljj- These maps come from the closed embeddings K{ J2, 1) C K{Ji, I). 

Let Subsets be the poset (hence the category) of all subsets of {1, 2, . . . , — 1}. We then see 
that ^' is a functor from Subsets to the category of b-sheaves on Z x f). We then construct the 
standard complex such that 

(94) $^ := 

i,\i\=k 

and the differential ^ is given by 

(95) dk = Y.{-ir^'^"'^hj,j„ 

where the sum is taken over all pairs Ji C J2 such that | Ji| = k and IJ2I = + 1. The set J2\Ji 
then consists of a single element e and <t(Ji J2) is defined as the number of elements in J2 which 
are less than e. 

The constructed complex defines an object in DBSh^^f, to be denoted by 
We will show ^ = y. To this end it suffices to prove: 

Lemma 9.1. We have j^}-^ = X. 

Proof. We have a natural map i : X ^ j-^$o = j^ly^. Indeed, 

X=@KuAD{l)] 

and 

The map l is defined as a direct sum of the obvious maps 

coming from the open embeddings Ui C e'' x C°_. 

It is clear that = for all nonempty J. Hence the map l defines a map X jc°^- 
show that this map is an isomorphism. 

For each Z G L set 

^r:= v{j,i)m)\- 

J|/eLj;|J|=n 

It is clear that for each Z, C $ is a subcomplex (in the category of comlexes of sheaves on Z x f)) 
and 

$ = 0$; 

The map l takes values in 0;£l_ jc°^l splits into a direct sum of maps li : jc°^l- 
We thus need to show that 1) complexes j^l^i are acyclic for all Z ^ L_; 
2) the maps n are quasi-isomorphisnis. 

Let us first study the complexes Let us identify f) = M^~^ by means of the basis /i, /2, . . . , /at-i- 
Let : Z X [) ^ Z X M be defined by 

Xj{c,A) = {c,Xj{A)), 
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where A = ^jXj{A)fj. Let k =< l,fi >. Let Ji := {i\li > 0}. It follows that ^ G Lj iff J D J/. 
We also have 

V{J,l) = r;,((g)XrllfC,x[o,oo) ^(g)^7'lKexM)[Z?(0], 

where e € Z is the unit. Let E be the following complex of sheaves on Z x M: 

I^exR l^ex[0,oo)- 

We then have an isomorphism of complexes 

'^i = (T;, (g)X7i]iCex[o,oo) ® (g)^r'^)[^(o + \Jl\]- 

We have a quasi- isomorhism Kg x (-00,0) ~^ ^ which induces a quasi-isomorphism 
= (T/* (g)X7l]K,x[0,oo) ® (2)^r'l^ex(-oo,0))[^(0 + \Jl\\ 

jeJi i^Ji 

= Ti,KwjW) + \Ji\], 

where 

Wj = {(e, A) G Z X f)|j G J ^ xj(^) > 0; i J ^ Xi{A) < 0} 

Let us now prove 1) It follows that <I>; is supported on the set Tl{WJ^) = Wj^ + (e', /). It suffices 
to prove that Ti{Wjj) n Z x C° = 0. Suppose z' G TiJwJ^ n Z x C° . Let z' = (e', z), zGi). 

Let z = A + I, {e\A) G Wj^. Let = {A, fj) and = {l,fj). We also set ^Iq = ^TV = ^0 = 
Ijsr = 0. Set Xj := We then know that Ij > for all j (z Jf, Ij < otherwise. We also have 

Aj =< A, fj >=< A, 2ej — ej-i — e^+i >= 2xj — Xj^i — Xj+i. 

As A + l G C° , we have Aj + Ij < 0. Therefore, if j G J, then Aj < 0, thus 2xj — Xj-i — Xj+i < 0. 
We also know that if j G J, then Xj > 0. 

If j ^ J, then we know that Xj < 0. For j (z J let < j be the largest number such that ji ^ J, 
if it does not exist, set ji = 0. Similarly, let j2 > j be the smallest number such that j2 ^ J, if it 
does not exist set j2 = N. 

We then have Xj^ < 0; Xjj < 0; for all j such that ji < j < 32', 2xj — Xj-i — Xj+i < 0, hence 
Xj — Xj-i < Xjj^i — Xj, and Xj > 0. 

Therefore, we have 

< Xj^ + l - Xj-^ < - Xjj + l < ■ ■ ■ < Xj2 - Xj^-l < 0. 

Observe that j2 — ji ^ 2, therefore, we get < 0, which is a contradiction. Thus, indeed, j'^l^i — 
for all / ^ L_. 

2) If Z G L_, then Ji = % and we have a quasi-isomorphism "^{^e^ ^x)\x«i{D{l)\ ^i- Therefore 
we have an induced quasi-isomorphism K^JL'(/)] j'^l^i. One can easily check that this map is 
isomorphic to t, whence the statement. □ 

From now on we set y = ^. 
Let us summarize our results: 

Theorem 9.2. Let 3^ = <I>, where ^ is as in ^9^,(9^. Then we have an isomoprhism ^93\) 

This theorem is equivalent to Theorem 15.61 
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10. Appendix l:SU(Ar) and its Lie algebra: notations and a couple of Lemmas 

Let us introduce notation we will use when working with G = SU{N). Let g be the Lie algebra 
of G; it is naturally identified with the space of all skew-hermitian traceless N X N matrices. Let 
f) C be the Cartan subalgebra of q consisting of all diagonal matrices from q. The abelian Lie 
algebra f) consists of all matrices of the form idiag(Ai, A2, . . . , Aat), where Aj G M and Aj = 0. 

Let C+ C ^ be the positive Weyl chamber consisting of all matrices zdiag(Ai, A2, . . . , \n) with 
Ai > A2 > • • • > \n- For every X e Q there exists a unique element ||X|| G C+ such that X is 
conjugate with 

We have an invariant positive definite inner product <, > on g such that < X,Y >= —Ti(XY). 
By means of this product we identify Q = 9* , i) = i)* ■ 

We will use the basis of roots in [)* which consists of vectors /i, /2, • • • , /at-i, where 

/fc(idiag(Ai, A2, . . . , \n)) = A^ - A^+i. 

Via identification () = f)*, the vector fk G [)* corresponds to a vector in f) denoted by the same 
symbol, and we have 

/fe = idiag(0,0,...,0,l,-l,0,...,0) 

where 1 is at the k-th position. 

Wc also have the dual basis of coroots ei, 62, . . . , ejv determined by 
< fk,ei >= Ski- One has 

(96) Cfe = idiag{{N - k)/N, {N - k)/N, . . . ,{N - k)/N, -k/N, -k/N, . . . , -k/N) 

where there are total k entries equal to {N — k)/N. One can check that fk = 2ejk — Sk-i — Ck+i for 
k = 1,2, . . . ,N — 1 and we assume eo = sn = 0. 

One can rewrite e^. = idiag(l, 1, . . . , 1, 0, 0, . . . , 0) — fA;/A^diag(l, 1,1,..., 1), where it is assumed 
that we have k entries of 1 in diag(l, 1, . . . , 1, 0, 0, . . . , 0). In particular, we have 

< efe, idiag(Ai, A2, . . . , A„) >= Ai + A2 H h Afe. 

One also sees that C+ consists of all X G f) such that < X, fj. >> 0. Therefore, 

N 

G+ = {Y,Lkek\Lk>0}. 
k=l 

We have a partial order on [): X >Y means < X — Y,ek >>0 for all k. 
We also write X » Y ii < X - Y,ek » for all k. 

Let CO & Q. The matrix —iuj is hermitian and let Ai(a;) > A2(a;) > • • • > Xr{io) be eigenvalues of 
Let V''{lo) be the eigenspace of —ico of eigenvalue A^. Let 

Vkico) = V\lo) © V'^{lo) © • • • © V\u;). 

We then get a partial flag 

(97) C Vi{uj) C • • • C Vr{uj) = C^. 



Let dk{io) := dimT4(a;). 
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10.0.2. In the future, we will need 

Lemma 10.1. Let X,uj ^ g. Let \\X\\ = idiag{Ai, A2, . . . , An) ^ C+ and let 

C Vi{uj) C ••• C Vriuj) =C^ 



be the flag as in [9T\ ). 
Then 

< LO,X >< (||w||, 

The equality takes place iff 

a) [X,ijo] = (hence XVk{u)) C Vk{'^) for all k, and 

b) TrX\v, = iiAi+A2 + ---Ad^(^^)) = i<ed,(^y,\\X\\ >. 

Proof. Let /i^ = Xk{^) — Xk+i{^)] k < r. Let us also set fir = We then have 



UJ = I 

k=l 

where pr denotes the orthogonal projector; 

r-l 

<uj,X >= ^^fcTr(-iXpry^(^)). 
k=l 

We know that Tr(— iXpry^j^^^-j) < Ai + A2 + • ■ ■ + ^dk{uj) (this is a particular case of the general 
factP: given any hermitian matrix Y on (in our case —iX) and a vector subspace V C 
of dimension n ( in our case Vk{uj)), the maximal value of Tr(ypry) equals the sum of top n 
eigenvalues of y). 

Hence 

r— 1 r 

<uj,X ><^fikiAi + --- + Aa^^^)) = ^Aj fik 

k=l j=l k\j<dkiu) 

r 

= ^AjXjiuj) =< \\X\\ > . 

The equality is only possible if for all k Tr(— zXpry^j-^^-)) = Ai + ■ ■ ■ j4^^,(^). As j4i, . . . , are 
top dk{co) eigenvalues of —iX, the equality occurs iff Vk{uj) is the span of eigenvectors of —iX with 
eigenvalues Ai, . . . , A^^f^^-^, which implies the statement b) of Lemma. □ 

10.0.3. 

Lemma 10.2. Let X,Y G g. We have \\X + Y\\ < \\X\\ + \\Y\\. 

Proof. We need to show that for every k, 

< ||X + y||,efc ><< \\X\\,ek > + < ||y||,efc > . 

For a Hermitian operator ^ on a finite-dimensional Hermitian vector space V we set n{A) := 
max|„l=x < Av, v >, where <, > is the hermitian inner product on V. We see that 

(98) n(^ + B) < n{A) + n{B) 

and that n{A) equals the maximal eigenvalue of A. 

Let Ek be the standard representation of g on A'^C^. Let X £ g and let Ai > A2 > • • • > Atv be 
the spectrum of a Hermitian matrix —iX. This means that HA"!! = idiag(Ai, A2, . • • , Atv)- 
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Eigenvalues of —iek{X) are of the form Aj^ + Ajj + ■ • • + Aj^ where ii < i2 < ■ ■ ■ < ik- Therefore, 
the maximal eigenvalue of —ie^iX) is Ai + A2 + • • • + A^, i.e. 

n{-iek{X)) =< \\X\\,ek > . 

As follows from (j98|) . 

n{-iek{X + Y)) < n{-iek{X)) + n{-iek{Y)), 

hence 

< \\X + Y\\,ek ><< \\X\\,ek > + < \\Y\\,ek >, 
as was required. □ 

10.0.4. Let [o, 6] C M, a < 6, be a segment. Let g G SU(A^). Write g ~ [a, b] if every eigenvalue of 
g is of the form e**^, where (j) € [a, b]. 

Lemma 10.3. Let g^ ~ [a^, b^], k = 1,2. Then gig2 ^ [a-i + 0-2, bi + 62]. 

Proof. If 61 + 62 — (ffli + 02) > 27r, there is nothing to prove, because x ~ [ai + 02, 61 + 62] for any 
element x G SU(A^). Let now 61 + 62 — (oi + 02) < 27r. Let Cfc = (ofc + bk)/2 and dfc = {bk — ak)/2. 
We have di + d2 < vr, hence < vr, /c = 1, 2. 

Let /ifc = e~^'^''gk- We have /i^ ~ [— dfc, d^]. Let S C be the unit sphere. Let p be the standard 
metric on S; p{v,w) = arccosRe <v,w>; p{v,w) G [0,7r]. For g E SU(A^), set 

N((/) := max. p{gv,v). 

It follows N(5i52) < N(5i) + N(52) for all 51,52 G SU(iV). 

Let us estimate N(/ifc). Let ei, 62, . . . , cat be an eigenbasis of hk- We have hk{es) = e'"'=''es, 
where aks € [— Let u = X^s'^^sCs, € S", so that 1 = I'^sP- We have 



hkV = '^' 

s 

< hkV,v >= \vs\'^e'°"'=; 

s 

Re < hi^v, V >= Y2 l^sP cos aks- 

s 

As aks G [—dk,dk] and < < vr, we have cosaks > cosdf^. Therefore, 

Re < hkV, V >> [wsp cos = cos dk- 

s 

Therefore, 

= p{hkV,v) = arccosRe < h^v^v >< dk- 

Therefore, N(/ii/i2) < N(/ii) + N(/i2) < di + ^2- It then follows that /ii/i2 ~ [-di - ^2; di + ^2]- 
Indeed, assuming the contrary, we have an eigenvalue e*"^ of /11/12, where di + (i2 < I0| < tt- let 
hih2V = e^'^v, \v\ = 1. We then have p{hih2V,v) = > di + d2, which is a contradiction. 

Finally, we have gig2 = e'^^^'^^hih2, which implies that 

5152 ~ [ci + C2 - di - d2; ci + C2 + di + d2] = [ai + 02; fei + 62]. 

□ 
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10.0.5. Fix b G C^; b < ei/(100A'^). Here and below o means the interior. 

Lemma 10.4. Let X,Y £ g and \\X\\, \\Y\\ < b. Then e^e^ = e^ , where \\Z\\ < \\X\\ + ||y||. 

Proof. We have 

ei = {{N - l)/N, -1/N, -1/N, -1/N) = (1, 0, 0, . . . , 0) - l/iV(l, 1, . . . , 1). 

Let b = «diag(6i, b2, ■ ■ ■ , b^)- Since b G C^, we have 6i > &2 > • ■ ■ > ^7V- We have < b, e^ >« 
ei/(100iV),efc > for all k. In particular, bi =< b,ei >< {N - 1/N) ■ (1/lOOAf) < l/(100iV); 
fei + 62 + • • • + bN-i = (b, ejv-i) << ei,eN~i > /{WON) = 1/{100N^) < l/(100iV). As h = 0, 
we have 67V > -l/(100iV). Thus, V/c, |6fc| < l/(100iV). Let ||X|| = idiag{Xi, X2, . . . , Xn). As 
ll^ll < b, \Xk\ < l/(100iV). 

Therefore, one has ~ [-l/(100iV); l/(100iV)]. Analogously, ~ [-l/(100iV); l/(100iV)]. 
Lemma 110.31 implies that 

e^e^ = [-2/(100iV);2/(100iV)] = [-l/(50iV); 1/(507V)]. 

Let ui,U2, - ■ ■ ,un be the eigenbasis for e'^e^ . It then follows that e'^e^ = e^'^'Ug, where \(j)s\ < 
l/(50Ar). We have 1 = det(e^e'^) = e*^^'^''. Therefore J2s^s = 27rn, n £ Z. However, l^^^^sj < 
1/50 < 2tt. Hence, n = and Y2s = 0. Let Z be a skew-hermitian matrix defined by Zug = i(j)sUs- 
As = 0, Z G su(iV) = 5. We also have e^e^ = e^. Let us prove that \\Z\\ < \\X\\ + ||y||. 

Let Afc (resp. e^) be the standard representation of G = SU(A^) (resp. g = 5u(A^)) on A'^C^. 
We then have 

Let \\Z\\ = idiag(Zi, Z2, ■ ■ ■ , Z^). As was shown above, we have \Zj \ < 1/(50A^). 
We then see that the spectrum of £k{Z) consists of all numbers of the form 

i{Zj^ + Zj^^ Zj^), 

where ji < j2 < ■ ■ ■ < 3k- We have 

(99) \Zj^ +Zj^ + --- Zj^ I < k/{50N) < 1/50. 

Let = idiag(Xi, X2, . . . , Xn). the spectrum of e'^''^'^^ consists of numbers of the form 

where ji < J2 < • • • < jk ■ Therefore 

e^'=(^) ~ [XM^k+i + XN-k+2 + --- + XN;Xi+X2 + --- + Xk]. 

We have XN~k+i + XN-k+2 H \-Xn = -{Xi + X2 H \-XN-k) = - < X, CN-k >■ Therefore, 

eA,(x) _ ^ \\X\\,eN-k >;< \\X\\,ek >]. 

Analogously, 

eA..(y) ^ [_ < ||y||,e^_^ >;< ||y||,e^ >]. 

By Lemma Il0.3( we have 

gAfe(Z) ^ gAfe(X)gAfe(y) _ [_ < ||x|| + ||y||,e^_fc >;< ||X|| + ||y||,efc >]. 

As was shown above, we have \Xj\, \Yj\ < 1/(100A^) for all j. Therefore, | < ||X|[,ejv_fc > | < 
{N -k)/{100N) < 1/100. Analogously 

I < ||X||,e^. > 1,1 < ||y||,efe > [,< ||y||,e7v_fe < 1/100. 
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Therefore 

[- < ||X|1 + |ly|l,e^_fe;< ||X|1 + ||y|l,efc >] C [-1/50; 1/50]. 

According to (j99p . all eigenvalues of Xk{Z) are of the form it, \t\ < 1/50. It now follows that all 
eigenvalues of XkiZ) are of the form it, where 

t G [- < \\X\\ + \\Y\\,eN-k >;< ll^ll + ll^^lUfc >]. 

(otherwise, e'^'^^^^ is not of the form e**, where t £ [- < \\X\\ + ||y||,eAr_A; >;< \\X\\ + \\Y\\,ek >], 
as follows from our estimates). In particular, 

< \\Z\\,ek >= Zi + Z2 + ■■■ + Zk^l- < \\X\\ + ||y||,eiv-fc;< \\X\\ + \\Y\\,ek >], 

whence 

< \\Z\\,ek ><< \\X\\ + ||y||,efc > . 
As k is arbitrary, it follows that \\Z\\ < \\X\\ + □ 

For our future purposes we will need a stronger result. 
10.0.6. 

Lemma 10.5. Let Xi, X2, ■ ■ ■ X^ € q; \\Xi\\ < b. Let Vi C V2 C ■■■Vr = be a flag which is 

preserved by all Xi Then there exists an X £ q such that: 

1) e^ie^2 ...gX„ ^ gX. 

2) XVk C Vk and TrX\v, = Ek TrX^W, for all k; 

3) ll^ll <EJI^.II 

Proof. 1) Fix an Ad- invariant Hilbert norm N on g (such an N is unique up-to a scalar multiple). It 
follows that N(Z) < N(yi) + N(y2)5 the equality being possible only if Yi and Y2 are proportional 
with non-negative coefficient( indeed: N(Z) is the length of the geodesic from the unit to e^; 
N(Yi) -|- N(l2) is the length of a broken line, the equality is possible only if this broken line is 
actually a geodesic). 

2) Suppose 11,1^2 G 0; ll^illi 11^2!! < According to Lemma [10.41 there exists a unique Z := 
Z{Yi,Y2) G 0; \\Z\\ < \\Yi\\ + \\Y2\\ such that = e^^e^^. We see that e^Vk = Vk, hence (e^ - 
Id)T4 C Vk- We can express Z as a convergent series in powers of e^ — Id, therefore, ZVk C Vk- 
The equality 

det I = det e^^ \ y^. det e^^ | Vk 

implies that e"^^!^* = e^'(^i+^2)kfe _ ^s \\Z\\ < 2b, this implies that TrZ|y^ = Tr{Yi + Y2)\v,,. 

3) Let (Yi,Y2, • • • Yn) be a sequence of elements Yi G 0; \Yi\ < b. Let 

Sk{Y,,Y2, . . . , y„) := (Fi, . . . , Yk^i, Z/2, Z/2, ^+2, • • • , Y^), 

where A; = 1, 2, . . . , n — 1, Z = Z{Yk, Yk+i) is as explained above. 
Let C 0" be the set consisting of all sequences of the form 

SkiSk2 ■ ■ ■ SkjiiXi, X2, . . . , Xn) 

for all R and all ki,k2, ■ ■ ■ ,kR. Let ^ be the infimum of N(Yi) -|- N(l2) + ■■■^(1^) where 
{Yi,Y2,...,Yn)eX. 
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Let {Yi{k),Y2{k),.. . ,Yn{k)) £ X,k = 1,2,.. ., be a sequence such that N(yi(A;))+- • •N(y„(A;)) ^ 
as /c ^ oo. As < b, one can choose a convergent subsequence, hence without loss of gen- 

erahty, one can assume that our sequence converges: 

hm Yi{k) = Zi. 

fc— >oo 

Then for all {Yi,Y2, . . . ,Yn) e X, 

N{Yi) + ■■■ N(Yn) > N(Zi) + • • • N(Z„). 

Let us show that there exists Z £ q such that each Zi is proportional to Z with a non-negative 
coefficient. If not then there are i < j such that 

1) for alH < A; < j, Z}^ = 0; 

2) Zi and Zj are not proportional to each other with a non-negative coefficient. Let {Z'^, . . . , Z'^) = 
Tj_i ■ ■ ■ Ti+iTi{Zi, Z2,..., Zn). We then have N(Z()-h- • • N(Z;) < n{Zi) + -- ■ N(Z„). Hence there 
exists a k such that 

N(y/) + • • • + N(y^) < N(Zi) + N(Z2) + • • • + N(Z„), 

where 

[Yi, Yi, . . . , y^) = • • • Ti{Y^{k), Y2{k), Yn{k)). 
But (y/, Y2, ■ ■ ■ , Y^) G so we get a contradiction. 

Thus all Zi are proportional with non-negative coefficients. Let us now set X = Zi + Z2 + ■ ■ ■ Zn- 
Such an X satisfies all the conditions □ 

11. Appendix 2: Results from [1] on functorial properties of microsupport 

Despite the results to be quoted here are proved in [l] for the bounded derived category, the 
same arguments work for the unbounded derived category so that we will omit the proofs. 

11.0.7. Let S C X be a subset and x G X. Following [1] Definition 5.3.6, one can define subsets 
N(S) C TX and N*{S) C T*X. As explained on p 228, these subsets can be characterized as 
follows. Let X X. A non-zero vector 9 G T^X belongs to Nx{S) if and only if, in a local 
chart near x, there exists an open cone 7 containing 6 and a neighborhood U oi x such that 

[/n((5nf/) + 7) c S. 

One then defines N*{S) C T*X as the dual cone to Nx{S). Finally one sets N{S) = UxN^S; 
N*{S) = \JxN*{S). If 5 C X is a closed submanifold, then N*{S) = T*{X) 

Let now x G X and let U he a neighborhood of x. Suppose that SnU is defined by an inequality 
/ > (or / 

geqO), where /:[/—> R is a smooth function and dxf 7^ 0. In this case N*{S) = M>o • dxf. 
For a subset K C T*X we set C T*X to consist of all vectors lo such that —uj G K. 

Proposition 11.1. Proposition 5.3.8) Let X he a manifold, an open subset and Z a closed 
subsets. Then 55(Kq) = N*{QY; SS{^z) = N*{Z) 

11.0.8. 

Proposition 11.2. Proposition 5.4. 1) Let F G D{X) and G G D{Y). Then 

SS{FMG) C SS{F) X SS{G). 
(Note that since our ground ring is a field K, the bifunctor M is exact) 
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11.0.9. Let qi : X X Y ^ X; q2 : X X Y ^ Y he the projections. 
Proposition 11.3. ([H, Proposition 5.4.2) Let F G D{X); G G D{Y). Then: 

SSRHom{q^^G;q^^F) C SS{F) x 
where SS{G)'^ C T*Y consists of all points cu such that —uj G SS{G). 
11.0.10. Let f -.Y ^ X he a morphism of manifolds. We have natural maps 

(/*) : T*X XX Y ^ T*Y 

and U ■.T*x xxY ^ T*X. 

Thus, T*X xx y is a correspondence between T*X and T*Y. Using this correspondence, one 
can transport sets from T*Y to T*X and vice versa. Indeed, given a subset A C T*Y one has a 
subset Uify^A C T*X. Given a subset B C T*X, one has a subset {f)f-\B) C T*Y. 

Proposition 11.4. ([Ll, Proposition 5.4.4) Let f :Y ^ X be a morphism of manifolds, G G D{Y), 
and assume f is proper on Supp{G). Then 

SS{Rf,G) c f^{if'r\SS{G))). 

Observe that under the hypothesis of this Proposition, the natural map Rf\G — s- Rf^G is an 
isomorphism. Therefore, the Proposition remains true upon replacement of Rf-t with Rf\. 

11.0.11. Let f -.Y ^ X he a, morphism of manifolds and A C T*X a closed conic subset. We say 
that / is non-characteristic for A if f~^A n T^X ClY xx T^X. Here T^X C T*X x XY is the 
kernel of (/*) viewed as a linear map of vector bundles. 

Proposition 11.5. Proposition 5.4-13) Let F G D{X) and assume f : Y ^ X is non- 
characteristic for SS{F) . Then 

(t) SSif-'F) c if')if-\SS{F))y, 
(a) The natural morphism f^^F ® uoy/x ~^ f'F isomorphism. 
11.0.12. 

Proposition 11.6. ([i}, Proposition 5.4. U) Let F,G e D{X). 

(i) Assume SS{F) n C T^X. Then SS{F (g) G) C SS{F) + SS{G); 

(ii) Assume SS{F) n SS{G) C T^X. Then SSiRHomjG. F) C SS{F) - SS{G). 

11.0.13. We need a notion of Witney sum of two conic closed subsets A,Bg T*X. We will 
reproduce a definition in terms of local coordinates from [1] Remark 6.2.8 (ii). 

Let (x) he a system of local coordinates on X, {x,(,) the asssociated coordinates on T*X. Then 
X 0,^,0 £ A+B iff there exist sequences {{xn,(,n)} in A and {{ynjVn)} in B such that x„ — > Xq, 
Vn Vo, in + rjn^ ^o, and I llCnl^O. 

Proposition 11.7. (m, Theorem 6.3.1). Let be an open subset of X and j : Q. ^ X the 

embedding. Let F G D{X). Then SS{Rj^F) = SS{F)+N*{n); SS{jiF) C SS{F)+N*{n)'' . 
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11.0.14. Let / : y — > X be a morphism of manifolds and A C T*X be a closed conic subset. One 
can define a closed conic subset f*{A) C T*M (P, Definition 6.2.3 (iv)). 

Proposition 11.8. Corollary 6.4.4) Let F G D{X). Then SS{f-^F) C f*{SS{F)). 

In a particular case when / is a closed embedding, the set admits an explicit description 

in local coordinates [1], Remark 6.2.8, (i). That's the only case we will need. 

Let (x', x") be a system of local coordinates on X such that Y = {{x' ,0)}. Then (x"; x") E /*(^) 
iff there exists a sequence of points x", .^") € A such that x^ — > 0; x" — > x"; (^," — > and 

l<lie;i-o. 
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